Mathematics (Part-11) 5 (Ch.01) Functions and Limits

EXERCISE 1.1

Q.1 Given that:

@ f(x) = X=X (b) f(x)=~/x+4
Find: (i)  f(-2) (i)  (0)
(i)  f(x—1) (iv) (<2 +4)
Solution:
(a) f(x) = x*—x
() f(-2) = (-2°-(-2)
4+2=06 Ans.
(i) f0) = (0°-0
0 Ans.
(iii) f;x-1) = (x—1)*-(x—-1)

X2 —2X +lex+1
x> —3x+2 | Ans.
(x* + 4)2 (X +4)
x*+ 8% +16=x*-14
x* + 7x®#12 - Ans:

()  fx) = x+4

(iv) f(x + 4)

() f(=2) = \-2+4 =2 Ans
i)y f00) =+/0+4 =4 =2 Ans
(iii) f(x—1) = \Yx—-1+4 =
(iv) fx>+4) = \0WC+4+4 =+¥+8 Ans.
Q.2 Find fax hh —f(a and simplify where,
(i) f(x) = 6x-9 (i)  f(x) = sinx
(i) f(x) = x*+2x*-1 (iv)  f(x) = cosx
Solution:
(i) fx) = 6x-9
fa+h) = 6(a+h)-9
fa+h) = 6a+6h-9

f(a) 6a—9
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fa+h)—f(a) 6a+6h-9—(6a-09)
h

B h
_ ba+6h-9-6a+9
B h
6h
=h
= 6 Ans.
(i) f(x) = sinx (Lahore Board 2008)
f@+h) = sin(a+h)
f(@d) = sina
f(a+h)—f(a) _ sin(a+h)—sina
h B h

ath+a) . (ath-a
2005( 5 jsm( 5 j + 3
= .+ sinp—sing=2cos (p_qz ) sin (p_qz j

Lo (253) o)
WY
ALY S

(iii) fx) = XC+2¢~1
fa+h) = (@a+h?*+2@+h)y’-1
a®+ h3+3a h+3ah?+2(a®+2ah +h?) —1 - [(a+b)®=a’+b?+3a’h + 3ab
a® + h® + 3a%h + 3ah? + 2a2 + 4ah + 2h% —
fa) = a®+2a°—1
flath) —f(@ a®+h®+3a°h+3ah’+2a°+4ah +2h°—1- (@ +2a°— 1)
h h
@ +h’+3a°h+3ah’+2a°+4ah+2h°—1-a°—2a°+1
- h
h® + 3ah + 3ah’ + 4ah + 2h?
- h
h(h? + 3a° + 3ah + 4a + 2h)
- h
= h*+(3a+2)h+3a°+4a  Ans.
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(iv) f(x) = cosx
f@+h) = cos(a+h)
f(d) = cosa
f(a+h)—f(a) _ cos(a+h)—cosa
h B h

5 s (a+h+a) _ (a+h—a)
-2 sin > sin| =
B h
[cosp —cosq = -2 sin (M) sin (uﬂ
_ =2 . (2a+h) _ (ﬁ)
= qysin{T5 Jsin|5
- Zain(Z+ 1) gn (1)
= 7y sin(5 t5)sin|5
_Fzsin (a+g) sin (g) Ans.

Q.3 Express the following: (Lahore Board 2009-2010)
(@)  The perimeter P of square as a function of its area A.
(b)  Thearea A of a circle asa‘function of its circumference C.
(© The volume Viofacube.as.a function.of the area A of its base.

Solution:

X
@ Let,
Length of square = X X X
Width of square = X
X
Perimeter of asquare = P = X+ X+ X +X
P=4x ... @
Areaofasquare = A = XxX
A = X
x = \A

Put x = \/Kin equation (1)

Shows perimeter P of a square as a function of its area A.
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(b) Let ‘r’ be the radius of the circle.

Areaofacircle = A = nr* ... (1)
Circumference of acircle = C = 2nr
_C
r 27
C. .
Put r = ol equation (1)
C\?  rC?
A= “(m) e
C2
A= 4n

Shows area A of a circle as a function of its circumference C.
(©) Let x be the each side of cube.  (Gujranwala Board 2008)

Volume of cube= V = X x X xX
V=x ... (1)
Areaofbase = A = XxX
A= X X

|
>
X
X

Put,

< X X
I
>
-
@D
o
c
2
o
>
~—~
-
Nt

1
—
2

V = A3/2
Shows volume V of a cube as a function of the area A of its base.

Q.4  Find the domain and the range of the function g defined below and sketch of

graph of g.
() g(x) = 2x-5 (i) g0 = \x* -4
(iii)  g(x) = \x+1 (Lhr.Board-2011) (iv) g(x) = |x - 3]
v) 9 = {S)(_Jrg? : if:i (Vi) 9(x) = {2x+ 1 ,3<x
(vii) g(x) = Xsz’fz X% -1 (viii) g(x) = Xi:ie
Solution:
(i) g(x) = 2x-5

Set of all real numbers
Set of all real numbers

Domain of g(x)
Range of g(x)

x-1 , x<3
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X -3 -2 -1 0 1 2 3
g(x)=2x-5 -7 -9 -7 -5 -3 -1 1

(i) g(x) = \x*-4 (Lahore Board 2008)
Domain of g(x) = R —(=2,2)
Range of g(x) = [0;+co)
X -4 -3 -2 2 3 4

g) =X -4 | 23 | 5 0 0 | 5 | 23
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@)  gx) = x+1

Domain of g(x) = [-1, +x0)

Range of g(x) = [0, + )
-1 0 1 2 3 4

X
gx)=yx+1 | O 1 V2 | 43 2 \/5

(iv) g(x) = [x-3|
Domain of g(x) = (—o0, +0)
Range of g(x) = [0, + )
X -3 =24=11]0 1 2 3 4 5
gx)=x-3] | 6 5 4 3 2 1 0 1 2
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6X+7 , x<-2

v g = {X_3 %> 2
Domain of g(x) = (—o0, +0)

Range of g(x) = (-0, +o0)

X<-2 -2 -3 -4 -5
gx)=6x+7 | -5 -11 - 17 - 23
X>—2 -1 0 1 2 3 3
g(x) =x-3 -4 -3 -2 -1

> X

. — 3
CRFORES Ao
Domain of g(x) = (—o, +x)
Range of g(x) (o0, 2) U [7, +0)
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X<3 -2 -1 0 1 2

gx)=x-1 -3 -2 -1 0 1
X>3 3 4 5 6
gx)=2x+1 7 9 11 13

— 15
— 14
~ 13
~ 12
~ 11
— 10
~ 9
— 8

— 7
— 6
~5
— 4

2
. X"+ 3x+2
(vii) 9%) = Ty i1 , X = -1

X2+ 22X+ X +2
X(X +2)+ 1(x + 2)
X+1

_ (x+2)(x+1) 2

a x+1
Domain of g(x) = R—{-1}
Rangeof g(x) = R-{1}
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X -3 -2 0 1 2
g(x)=x+2 -1 0 2 3 4

2
(v 000 = 58 L (Xl
- B 2
Domain of g(x) = R={4}
Range of g(x) = R-—{8}
X -4 | -3 | -2 | -1 0 1 2 3 5 6

gx)=x+4 | 0 1 2 3 | 4 | 5 6 7 9 | 10
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Q5 Givenf(x) = x®*—ax?+bx + 1.
If f(2) = -3 and f(-1) = 0. Find the values of a and b.

Solution:
f(x)
Put X
f(2)
f(2)
Put X
f(-1)
f(-1)
Since f(2)
9-4a+2b
—4a+2b
—2(2a—b)
2a—b
2a—b
And
f(-1)
-a->b
a
Put a
2(-b)-b
-2b-b
-3b
b
Put b
a
a

X2 —ax? +bx + 1
2 in equation (1)

(2)° a2 +b(2) +1

8—4a+2b+1
9-4a+2b

= —1inequation (1)

o O O

(-1)° - a(-1)*+b(-1) + 1

-1-a-b+1
-a—>b

=-b ... (3)
= —bin equation (2)

6

6

6

6
-3 - =2

—2 in equation (2)

= —(-2)

2

2.,b=-2| Ans.
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Q.6 A stone falls from a height of 60m on the ground, the height h after x second
is approximately given by h(x) = 40 — 10x°.
Q) What is the height of the stone when.
(@ x = 1sec (b) x = 1.5sec (c) x = 1.7sec
(i)  When does the stone strike the ground?
Solution:
(i) h(x) = 40-10x*  ......... (1)
@) Put X = 1secinequation (1)
h(1) = 40-10(1)?
= 40-10
= 30m Ans.
(b) Put x = 1.5secinequation (1)
h(1.5)= 40 - 10 (1.5)
= 40-10 (2.25)
= 40-225
= 17.5m Ans.
(©) Put X = 1.7 sec in eguation (1)
h(1.7)= 40 - 10/(1.7)
= 40-10 (2.89)
= 40-28.9
= 111m Ans:
(i) When then the stone strike the ground.
then h(x) = 0
0 = 40-10x°
10x* = 40
2. 4
- 10
X° = 4
X = 2sec Ans.
Q.7:  Show that the Parametric equations.
Q) x=at’, y = 2at represent the equation of Parabola y? = 4ax
2 2
(i)  x=acosB, y = bsin@ represent the equation of ellipse % + )é_z =1
X2 2
(i)  x =asecO, y = btan® represent the equation of hyperbola gz—)t;—z =1
Solution:

(i)  x=at’ . M
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From equation (ii)

A
t‘2a

Putting it in (i)

(%) =45

X =

y? = 4ax Hence proved.
(i) X = acoso

X

a - coso

Squaring on both sides

2

gz = cos’0 ... (i)

Adding equatlon (i) & equation (ii)

—z+xz = cos?0 + sin%0

a
=1 Hence proved.
(i)  x = asecod
X
a - seco

Squaring on both sides
2
X

— 2 :
2 = sec 6 ...(I)
Subtracting equation (ii) from equation (i)
X2 2
52—%2 = sec’d — tan’0

= 1+ tan’0 —tan®0
=1 Hence proved.
Q.8  Prove the identities:

Q) sinh 2x = 2sinh x cos hx

(i) sech® = 1-tanh%

(iii) cosech® = coth™ -1
Solution:

0] sinh2x= 2 sinhx cos hx
R.H.S = 2sinhx coshx

y = bsino

L= sino

Squaring on both sides
%i = sin%0 ... (ii)
y = btand

% = tan@

Squaring on both sides
%i = tan’0 ... (ii)

(Lahore Board 2006)
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e —e™) (f+e
2 ( 2 x) ( 2 X)
er _ e72x
2

= sin h2x
L.H.S. Hence proved.
(i)  sech®= 1-tanh

RH.S = 1—tanh%

(eX + e—X)Z _ (eX _ e—X)Z
= (eX + e7X)2
e2x + e—2x +2e% X (e2X & e—2x —2e*. e—x)
(eX + e7X)2
e2x + e—2x +2 L er | e—2x Yo
(eX + e«X)Z

_ 4
- (eX+ e7X)2

2 2
- (ex + ex)

= (sec hx)?
= sech®
= L.H.S Hence proved
(iii)  cosec h’ = coth* -1
RH.S = coth™x -1

e + e
= lg—ex) 1

_ (ex _ e—x)2

- (eX + e—X)2 -1

_ (eX + e—X)Z _ (eX _ e—X)Z
- (eX _ e—X)2

e2x + e—2x + 2ex e—x _ (e2x + e—2x _ Zex . e—x)

(ex _ e—x)Z




Mathematics (Part-11) 18 (Ch.01) Functions and Limits

er+ e—2x +2 _e2x_e—2x +2

(ex _ efx)z

__4
(eX + e7X)2

2 2
(ex - exj

(cosechx)® = cosech®x
L.H.S Hence proved
Q.9 Determine whether the given function f is even or odd:

i)  f(x) = x*+x (i)  f(x) = (x+2)°

@)  f(x) = X\/X2+5 (iv) fx) = i:i , X#-=1

V)  f(x) = x*+6 (i) f(x) = g;—)l(
Solution:

(i)  fx) = x}+x
fx) = (-°+ (9
= x3-x
= —(¢ +X)
= —f(x)
f(x) is an odd function:
(i) ) = (x+2)°
f(-x) = (—x+2)’
= *f(X)
f(x) is neither even nor odd function.
(iii)  f(x) = x\x*+5

f(-x) = —x~[(-X)?+5
= —X \/x2 +5
= —f(x)
f(x) is an odd function.
(v) f(x) = i:} X %1
f(-x) = Xx-1  —(x+1)

Xx+1 = —(x-1)
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X+1
=51 7 + f(x)

f(x) is neither even nor odd function.
v) f(x) = x**+6

f(-x) = (0" +6
[(_X)2]1/3 + 6
(X2)1/3 + 6

- B ig

f(x)

f(x) is an even function.

X3 — x

Vi) () = 7y

|
|
X
w
|
|
X

f(x) =

= —f(x)
f(x) is an odd function.
Composition of Functions:

Let f be a function from set X to set Y and g be a function from set Y to set Z.
The composition of f and g is a function, denoted by gof, from X to Z and is defined by.

(gof)(x) = g(f(x)) = gf(x)forall x € X
Inverse of a Function:
Let f be one-one function from X onto Y. The inverse function of f, denoted by
f ! is a function from Y onto X and is defined by.

x = f1(y), VyeYifandonlyify=f(x),Vx e X

EXERCISE 1.2

Q.1  The real valued functions f and g are defined below. Find
(@ fog(x) (b) gof(x) (c) fof (x) (d) gog (x)

() f(x) = 2x+1 ; g(x):ﬁ Cox £ 1






