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X+1
=51 7 + f(x)

f(x) is neither even nor odd function.
v) f(x) = x**+6

f(-x) = (0" +6
[(_X)2]1/3 + 6
(X2)1/3 + 6

- B ig

f(x)

f(x) is an even function.

X3 — x

Vi) () = 7y

|
|
X
w
|
|
X

f(x) =

= —f(x)
f(x) is an odd function.
Composition of Functions:

Let f be a function from set X to set Y and g be a function from set Y to set Z.
The composition of f and g is a function, denoted by gof, from X to Z and is defined by.

(gof)(x) = g(f(x)) = gf(x)forall x € X
Inverse of a Function:
Let f be one-one function from X onto Y. The inverse function of f, denoted by
f ! is a function from Y onto X and is defined by.

x = f1(y), VyeYifandonlyify=f(x),Vx e X

EXERCISE 1.2

Q.1  The real valued functions f and g are defined below. Find
(@ fog(x) (b) gof(x) (c) fof (x) (d) gog (x)

() f(x) = 2x+1 ; g(x):ﬁ Cox £ 1
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(i) fx) =
(i) f(x) =
(iv)  f(x) =
Solution:

() f(x) =
(@  fog (x)
(b)  gof(x)
(© fof(x)
(d)  gog(x)

1

x+1;g(x):xz , X #0

#1; 9g(x) = (X+1)

w1

2
3 —2x% ; g(x) = ﬁ , X # 0

2x+1 ; gx) = —xfl

f(g()
{5
2(25) 1

6+x—1
x-1
X+5
x-1
9(f(x))
g(2x +1)

3
2x+1-1
f(f(x))
f(2x + 1)
2(2x+1)+1
dx+2+1
4x+3 Ans.

9(9(x))

=i

AnS.

ADnS.
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3
3-(x-1)

X—-1

_ 3x=1)
T 3-x+1
_ 3x-1

4_x Ans,

(i) fxX) = \x+1 ; 9(x) =;1z

(@  fog(x) = f(a(x))

1
(e
1
NEAE

1+x \/1+x2
X

x>

(b)  gof(x) = g(f(x))

= g(\Vx+1)
1

1

= = AnS.

T (ke 1) Tl
f(f(x))

f(\/x + 1)

\/ XxX+1+1 Ans.

(©) fof(x)

(d)  gog(x)

I
«
YOI
Xm
N—

|
)
ho e

(i) f(x) =
(@  fog(x)

x—1 :
f(9(x))
f(<* + 1)%)

1

AnS.

; g(x) = ¢+ 1)



Mathematics (Part-I1) 22

(Ch.01) Functions and Limits

(b)

(©)

(d)

(iv)
(a)

gof(x)

fof(x)

gog(x)

f(x) =

fog(x)

2
3 —2x* ; gx) = T X # 0

1
W+ 1+2x° -1
1 1

T AP+ 2) - x\XZ + 2 ARS.

g(f(X))1

ir=
B
) =55
(X%)Z Ans.

f(f(x))

o=

1

S

=

9(9(x))

g((<* +1)9)

{0 + 1% + 177

[+ 1)* + 1] Ans.

f@g»
{54

(3 -+

1
—1
1 AV T T
1-\X—1 N\ rex et '
x—1
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(b)

(©)

(d)

Q.2
€Y

(b)

16 4
3(5e) - 2(3)
48 8
X T x

48 — 8X

X

%6—)(;—)(2 Ans.
9(f(x))
g(3x* — 2x%)

2
\3x* = 2x*

2 2

VB -2)  xy3¢ -2 ANS.
f(f(x))
f(3x* — 2x%)
3(3x* — 2x%)* £ 2(Bx*—=2x%)% " Ans.
9(a(x))

gof(x)

fof(x)

gog(x)

I
o
Sl

AR
\/E X \/E \/5
= /2 \/;< Ans.
For the real valued function, f defined below, find:
()
f~Y(=1) and verify f(f (x)) = £~ (f(9)) = x
(1 f(x) = —2x + 8 (Lahore Board 2007,2009) (i) f(x) = 3x*+7

(i) 109 = (x+9)° () 100=577 x>
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Solution:

()  f(x) = —2x+8

€)) Since y = f(x)
=x = fi(y)
Now,
f(x) = -2x+8
y = -2x+8
2X = 8-y
_ 8-y
X =2
a8 Y
)= =
Replacing y by x
1y N 8-x
0= —5
Replacing y by x.
1 _ 8—X
fix) = =
(b) Put, x = -1
1 8 — () gty g
NSO T ALEEMC
f(fL) = f(g?x)
_ _2(8£x) +8
= -8+x+8
= X
F1(f0)= f1(2x+8)
_ 8-(-2x+38)
- 2
_8+2x-8
- 2
2X

f(f200) = (fx) = x

Hence proved.
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(i) fx) = 33+7
@) Since y = f(x)
=>  x = f(y)
Now
fx) = 3+7
y = 3 +7
3¢ = y-7
1
_(Y=1)
X ( 3 jS
1
1= ()
Replacing y by x
1
s (57
(b) Put x = -1
1
. —1-7\3
e (7
1
- (3)°
f(Fiw) - { X—ﬂ
3
= 3|:(X_7j3} +7
3
X—7
= 3 (%547
= X-7+7 =X
) = F1@C+7)
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3

1

= () = x
f(f200) =7 (fx)) = x
(i) fx) = (-x+9)°
@ Since y = f(x)
x = f(y)
Now
fx) = x+9)°
y = (x+9)°
1
y2 = —x+9
1
X = 9-y8
Replacing y by x
1
fx) = 9-x°
() Put x = -1
1
fl1) = 9-(-1)°
1
f(Frx) = fO-x%)
1
= [-(©9-x*)+9]
1
= (-9+x*+9)°

£4(f (%)

b = x
£ ((x+9)°)
1

9[- x+9)%°

9-(-x+9)
9+x-9
X

f(f200) = (fx) = x

Hence proved.

Hence proved.
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v) ) = 2;‘:’11 Cx>1
@ Since y = f(x)
x = £y
Now
2x+1
0 =57
_ 2x+1
y - ox-1
y(x—1) = 2x+1
yx—-y = 2x+1
yX—-2Xx = 1+y
X(y - 2) y+1
_y+l
X = y_2
1y - YHL
tly) =y
Replacing y by x
9 o x+1
=52
(b) Put x = -1
4, —1+1
f (1) = 1.7
0
= 3 =0
f(fre) = ( )
X— 2
2(x +1) + (x - 2)
B X—2
Tox+1l-(x=2)

X—2
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2X+2+X-2
X+1-X+2

3x
_? = X

2x+1
-1 =
r(55)
2x+1
+
x-1
2x+1_2
x-1
2X+1+x-1
x—1
2X+1-2(x—-1)
x-1
3X
2X+1-2x+2
3X
= ? = X
f(F200) = (f(x)) #£x_ | Hence-proved.
Q.3  Without finding the inverse, state the domain and range of f.

£ (f ()

1

(i) ) = \x+2 i) f0.= i%i x#4
@)  f(x) = x13 , X# =3 (iv) f(x) =(x=5)*,x>5
Solution:

Q) f(x) = VX +2

Domain of f(x) = [-2, +x)

Range of f(x) = [0, +)

Domain of f1(x) = Rangeof f(x) = [0, +)

Range of f'(x) = Domainof f(x) = [-2, +x)
()  f(x) = i%i X% 4

Domainof f(x) = R-{4}

Range of f(x) = R-{1}

Domain of f1(x) = Rangeoff(x) = R-{1}

Range of f}(x) = Domainof f(x) = R-{4}
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(i) f(x) = Xis X #-3

Domainof f(x) = R-{-3}

Range of f(x) = R-{0}

Domain of f}(x) = Rangeoff(x) = R-{0}
Range of f'(x) = Domainof f(x) = R-{-3}

(iv) f(x) =(x=5)*,x>5 (Gujranwala Board 2007)

Domainof f(x) = [5, +)
Range of f(x) = [0, +0)
Domain of f}(x) = Rangeof f(x) = [0, +o0)
Range of f(x) = Domainof f(x) = [5, +)

Limit of a Function:

Let a function f(x) be defined in an open interval near the number ‘a’ (need not at a)
if, as x approaches ‘a’ from both left and right side of ‘a’, f(x) approaches a specific number
‘L’ then ‘L, is called the limit of f(x) as x approaches a symbolically it is written as.

Lim f(x) = L read.as “Limit of f(x).asx =—> a, is L”

X—a
Theorems on Limits of Functions:
Let f and g be two functions, for which Lim f(x) = L and Lim g(x) = M, then

X—>a X—a

Theorem 1: The limit of the sum.oftwo-functions is.equal to the sum of their limits.
Lim [f(x) + g0} = Lim f(x)+ Limg(x)
X—a X—>a X—>a
= L+M

Theorem 2: The limit of the difference of two functions is equal to the difference of
their limits.

Lim [f(9) - g0x)]

Lim f(x) + Lim g(x)

= L-M
Theorem 3: If K is any real numbers, then.
Lim [kf(X)] = KLim f(x) = kL
X—>a X—a

Theorem 4: The limit of the product of the functions is equal to the product of their
limits.
Lim [f(X) . g(x)] = [Limf(x)] [Limg(X)] = LM
X—a X—a X—a

Theorem 5:  The limit of the quotient of the functions is equal to the quotient of their
limits provided the limit of the denominator is non-zero.
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Lim f(x)
. f(x)} _ x>a _ L
i [00] = Timgeg = W 90 £ 0 M= 0
X—a
Theorem 6:  Limit of [f(x)]", where n is an integer.
Lim [f(x)]" = [Lim f(x)]"= L"
X—a X—a
The Sandwitch Theorem:

Let f, g and h be functions such that f(x) < g(x) < h(x) for all number x in some
open interval containing “C”, except possibly at C itself.

If, Limf(x)= L and Lim h(x) = L,thenLim g(x)=L
C X—C

X—>C X—>
Prove that
If © is measured in radian, then
Lim sing - _ 1
00 O
Proof:

Take 6 a positive acute central angle jof a circle with radius r = 1. OAB represents
the sector of the circle.

|OA| = |OC| = 1 (radii of unit circle)
From right angle AODC

. DC
Sin0 = llﬁll = IpC| (- |oC|=1)

From right angle AOAB
AB
TanO = {ﬁ% = AB (.. |[OAI= 1)
In terms of 0, the areas are expressed as

1 1 . 1.
Area of ACAC = > |OA||ICD| = 5(1) sind = Esme
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1 1 1
Area of sector OAC = 3 r26:§ (1)) = 56
1 1 1
Area of AOAB = > |OA| |AB|:§ (1) tano = ztane

From figure
Area of AOAB > Area of sector OAC > Area of AOAC

1 1 1.
2tan6)>26>23|n6
1sin@ 6 _sind

2 c0s0 2 2
As sind is positive, so on division byz sin®, we get.

1 0
cos® ~ sind 1 (0<0<nf2)

sin®
cos0 < IT <1

When, 0 -0 , cosO >1

Since % is sandwitched between 1'and a quantity approaching 1 itself.

So by the sandwitch theorem.it' must also approeach 1.
i.e.

. sin®
Lim — =1
0—0 0

Theorem: Prove that
. 7\"
Lim (1 +—) = e

n — +owo

Proof:

Taking
L+ (;)+n n—1 (1)2+n(n—1)(n—2)(1)3+
Mn 2! n 3! n

1n
(“n)
1 1) 1 1 2
1+1+7, (l_n)+3! (1—n)(l—nj+ .........

Taking Lim on both sides.

n — +w

. 1y 1,111
nL_I)rpoo(l+n) —1+1+2!+3!+4!+5!+ .........

1+1+05+0.166667 + 0.0416667 + .........
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= 2718281 .........
As approximate value of e is = 2.718281

12
. Lim (1+—) =e
n — +w n

Deduction:
Lim A+ = e

XxX—>0

We know that.

1n
Lim [1+ﬁ) = e
n — +oo
1 1
Put x-nthenx—n
AS n—>+o , X—>0
Lim 1+x)¥ = e
n — +owo
Theorem:
Prove that:
Coat-1
Lim = logea
X—>a X
Proof:
Taking,
X_
Ui
X
Llet a*-1=vy
at=1+y
X = loga (L+Yy)
As, x—->a , y-0
.oat-1 ) y
Lim = Lim
xl—>a X yLO Ioga(l+y)
. 1 ]
= Lim T = Lim
=0 y 100:(1+) =0
1
- Iogae ) y—0

= logea

1
1

loga(1 + y)”

w Lim@+y)Y =e



Mathematics (Part-I1) 33 (Ch.01) Functions and Limits

Deduction
e* 1) B B
iy (2] = oo
We know that
Lim ( ) = logea
x—>0
Put = e
e -1
i (5] - oge =1
tin (5] = loge
Important results to remember
: . . . . 1
0) Lim () = o (i) Lim (¢") = Lim (_x) =0
X = + o X— -0 X—>— €

0 , where ais any real number.

EXERCISE 1.3

Q.1 Evaluate each limit by using theorems of limits.

o ()

(i)  Lim (@2x+4) (i) | Lim (3x*—2x +4)
x—3 x—>1
(i) Lim~\XZ+x +4 (iv)—"Limx\ x* - 4
X3 x—2
. o3+
) Lim (1S ApEFE) iy im
Solution:
Q) Lim (2x+4) = Lim(2x) + Lim (4)
X—3 x—3 x—3
= 2Limx+4
X—3
= 23)+4=6+4 =10 Ans.

(i) Lim(3x*=2x+4) = Lim (3x%)-Lim (2x) + Lim (4)
X—1 x—1 x—1 x—1

3LiIMmx?-2Limx+4

Xx—1 x—1

3(1)%*-2(1) + 4

= 3-2+4
=5 Ans.
(i) Lim\x*+x+4 = [Lim (& + x + 4)]"?
X—3 X—3





