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Deduction
e* 1) B B
iy (2] = oo
We know that
Lim ( ) = logea
x—>0
Put = e
e -1
i (5] - oge =1
tin (5] = loge
Important results to remember
: . . . . 1
0) Lim () = o (i) Lim (¢") = Lim (_x) =0
X = + o X— -0 X—>— €

0 , where ais any real number.

EXERCISE 1.3

Q.1 Evaluate each limit by using theorems of limits.

o ()

(i)  Lim (@2x+4) (i) | Lim (3x*—2x +4)
x—3 x—>1
(i) Lim~\XZ+x +4 (iv)—"Limx\ x* - 4
X3 x—2
. o3+
) Lim (1S ApEFE) iy im
Solution:
Q) Lim (2x+4) = Lim(2x) + Lim (4)
X—3 x—3 x—3
= 2Limx+4
X—3
= 23)+4=6+4 =10 Ans.

(i) Lim(3x*=2x+4) = Lim (3x%)-Lim (2x) + Lim (4)
X—1 x—1 x—1 x—1

3LiIMmx?-2Limx+4

Xx—1 x—1

3(1)%*-2(1) + 4

= 3-2+4
=5 Ans.
(i) Lim\x*+x+4 = [Lim (& + x + 4)]"?
X—3 X—3
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= [Lim x* + Lim x + Lim 4]
X—3 X—3 X—3

- (32 +3 +4)1/2
= 9+7)? = (16)" = 4HY"= 4 Ans.
[UT®HUTM—®%

2 [Lim (X — 4)]2
X—2

(iv) Limx\x*—4
X—2

2 [Lim x? — Lim 4]*2
X—2 X—2

2 (4 - 4)Y?
2(0)1/2
=0 AnNs.

(v) I;m; (\/xg +1 -\ + 5)

Lim (¢ + 1)Y2 — Lim (x? + 5)12
X—2 X—2

[Lim (3 + 1)]¥ - [Lim (% + 5)]*2
X—2 X—2

[Lim %3 + Lim 1]%2 - [Lim x? + Lim 5]*2
X—2 X2 X—>2 X—2

(8 + 1)1/2 . (4 I 5)1/2

- (9)1/2 _ (9)1/2 = (32)1/2 _ (32)1/2 = 3-3

=0 Ans.

: 3
2 +5x xL_|)r112 (2X*+ 5x)

11

V) LMo T LimGx=2)
X—>-2
2 Lim x*+5 Lim x
X—> -2 X—> -2
3 Lim x— Lim 2
X— -2 X— -2
_ 2(=2*+5(=2)
- 3(-2)-2
_2(-8-10 -16-10  -26 _ 13
=" %62 - 8 "~ g4 A
Q.2  Evaluate each limit by using algebraic techniques.
3 3
. . X=X .. : 3X” + 4x
o umis 6 un (5
3 3 2
. X —8 . . X =3 +3x-1
(iii) IQLT Ztx—6 (iv) IILT < — x (Lhr. Board 2009)
3 2
. X"+ X . . 2X°=32
v Hm (xz—-;) W) L e mad
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. : —1\/2
(vii)  Lim Vx =2 (Lhr. Board 2006)
X—2 X—=2
L +h - : o x'=a"
(viii) leu (Lhr. Board 2004) (ix) Lim Xm am
h—0 h x»a X —a
Solution:
3
. . X =x (0
Q) XL_|)r111 1 (0) form
3 2
X =x . X(xXT=1)
xL—I>r[]1 x+1 ~ xL—I>r[]1 X+1
- L X(x+1)(x-1)
B xalr[]l X+1
= Lim x(x-1)
X—>-1
= -1(-1-1)
= -1(-2) =2 Ans.
N (3 +4x) . 3(1)° +4(1)
(i Lim ( X2+ X )_ )7+
3+4 7
= S N¥7 Ans.
3
: x’=8 (0 :
(iii) IILT Ztx—6 (0) form (Gujranwala-2007, Lahore Board 2008)
3 3- (N3
Lim ==& = |jm 52—

M P ex—6 M +3x—2x-6

(X — 2)(x* + 2x + 4)
M X+ 9)-2(x+3) L
(X — 2)(x* + 2x + 4)
X2 (x+3)(x-2)
(2°+2(2)+4 4+4+4 12

- a*—b®=(a—b) (a® +ab + b?)]

= 2+3 = 5 =T Ans.
(V) Lim X=Xt (Q) form (Lahore Board 2009)
x—1 X =X 0

3_3%2+3x—1 1)

Lim 2 3X3 3 = Lim iXZ—L

X1 X* =X x>l X(X°—1)

. (x-1)°
= Lim X

xo1 X(X+1)(x-1)
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L (x=1)°
= LM xx+1)
1-1°_0 _
1+~ 2~ 0 Ans.
3
X"+ X
0 i (525 (o
3, 2w +1
Lim (xz ij L XD
x>-1 \X" =1 x>-1 (X +1)(x-1)
X
B xL—I>r[]1X—1
—1)? -1
. 22X =32 (Q)
(vi) IILT Z_ a2 0 form
o2x*-32 . 2(x*-16)
Lm - = UM ek g
. 2(Xx+4x=4)
= Lim

ot b (X #4)

= Limw

X—4 X
_2(4+4) 28
T (@56
16
=16 - 1 Ans.
. : X =12 (0 .
(vii) IQLT o (O) form  (Guj. Board 2006)
Limux_ 2 _ Lim\/;(_\/§><\/;(+\/E
X2 X—2 X2 X—=2 \/;<+\/§

_ L )= (V2)°
o2 (x=2)(\x +4/2)

. X—-2
"2 k- 2k )
1 1

] _ _ 1
= LM iz 2z w2z A
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+h — 0
(viii) Iﬁlry M (6) form (Lahore Board 2006)
—
Lim WXL =X X _\/;(x [x+h + \x
h—0 h - h—0 h ‘\,X+h + \/;(
L PR - ()’
= Lim
>0 h(yX +h +4/x)
. X +h-—X
= Lim
h0 h(x/x + h +4/x)
= Lim
h—0 h(\/x+h+\/;()
i Vx+0+(x (x+(x
= Ans.
2\/;( ns
: x'-a" (0
(ix) IILT X" _ g™ (O) form
We know that:
n_ n
Lim Y—a - na”.' .where n.is aninteger and a > 0
X—a -
Now,
xX'=a"
L- Xn_ n _ L X—a
xl—g\] x"—a" xlg)] x"—a"
X—a
na"! n n
=T T A= ™ Ans,
Q.3  Evaluate the following limits:
. . sin7 . __sinx°
()  Lim 2% Gy Lim 22 (LB 2003)
x>0 X x>0
. 1—-cosB . . sinx
(iii) Ie_l)rrg sing (L.B 2009 (s))(iv) I;LT J——
. sinax . X
V) LM G bx W) LM fanx
.. . 1—cos2x . 1= cosx
(vii) I;Lr(r)] —Z (viii) I;LT sin®x (L.B 2009)
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sin“0 (L.B 2007) ) Lim SECX — COSX
9 x—0 X

) Li

69 i
. . 1—cos pb

(xi) I(;erg 1- cos g0 (L.B 2004,06) (G.B 2005, 2006)

tan® —sind

(xii)  Lim =250 (L.B 2003, 2004) (G.B 2005)
Solution:
, . sin 7x (g)
Q) I;Lr(r)] ” 0 form
Lim sin7x  _ im sin 7x y
x—0 X B x—0 7X
= 1x7 =7 Ans.
. _sinx® (Q)
(i) I;LT ” 0 from
sinx—7T
_sinx® . 180 | n -
|;Lr51 X = &Lrg X1 X 130 10 = 180 radian
180 XT .
NI = N x:@radlan
= X180 T 180 -2
. 1-cos® (0
(iii) Ie_l)ng Tsind (0) form
i 1-cos® i 1-cos® 1+cosO
o Tsing T g% sine < 1+cose
C L 1 - cos’0
= &% sino (1 + cos0)
. sin°0
= 500 sing (1 + cos0)
- sing
a Ie"fé 1+ coso
0 0

To1=5 =0 Ans
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: . sinx (0

(iv) IILT — [O)form
Put T-X=t = X = -t
As X—>n , t—>0

. Sin . sin(m—t
Lim Inx = Lim %

xon TT—X t—0

. sint
= Lim T
t—0
=1 ADnS.

>0 ax (%j form  (G.B 2007)

v) I;l,r(r)' sin bx

sinax

. Sinax . ax

I;Ln(? sinbx I;LT sinbx
“bx X bx

sinax

i ax

XLT sinbx
“oxd x b

X aX

X a

[EEN

X

o}

Ans:

=
(o
(@ F<F]

X

(i) Liryw% @form (L.B 2008)
X—>

w0 tanx XLT sinx
COSX

(vii) Lim

Lim ——z— = Lim =z~ (- c0s2x = 1 — 2sin’x => 2 sin’x = 1 — c0s2X)
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(viii)

(ix)

(x)

(xi)

. 2

. SINX

= Lim 2(—)
x—0

X
=2(1)*= 2 Ans.

. 1-—cosx (Oj
Lim ——— 0 form

0  SIiN°X
Ui 1-cosx i 1 — cosx
M Teinx s T M T T os’x
- L 1 — cosx
s (1 + cosx)(1 — cosx)
. 1
B I;LT 1 + cosx
1 1
=1+1- 2 Ans,
2
. sin“0 (O)
Lim = | form
050 0 0
) .
. SIn“0 . sin .
Lim = Lim sing x Sin®
0>0 ©O 00 O
=1x0=0 Ans.
. secx—cosx (0
Lim ———— (—jform (G.B 2007)
Xx—=0 X 0
== COSX
. SecxX — cosx - COSX.L
Lim ————— = Lim
x—0 X X—0 X
1 — cos?x
Li COSX
= Lim
x—0 X
- 2
. sin“x
B I;LT X COSX
- L sinx  sinx
B XLT X ' COSX
. sinx
= Lim —/
x—0 X
Lim L=cospo (ij G.B 2006
el)n(} 1-cosqgd \O orm  (G. )

We know that;

tanx = 1x0= 0 Ans.
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€0s20

cosO

cospo

. ,po
2sin 5

. 1-—cospb
Lim
0—»0 1—C0S QO

(xii)  Lim

Lim

tan® — sind
00 sin39

tan® — sind

= 1-2sin%0
0
- -2 Y
= 1-2sin 2
= 1—23in2pz—e
) 0
= 1-cospb and 23|n292—: 1-cosgo
. -p0O
23|n2p?
i
- )
2 sin 2
2
sin@
2 po
po "2
) 2
Lim )
0->0 (. 00
sin
2 g0
40 2
2
2 2
o _po
sin 5 %2 sin 5 ,
po 4 po | P
. 2 . 2
Lim 7 = Lim 7
020 sin99 =0 singg
2 q°0° 2 2
90 4 g | 1
2 2

2 2 2
sz;gz = %z Ans.

1" .qa
0
(6 form (L.B 2005)
sinO .
_ L coso ~ SO
B el_% sin39
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. 1
sin@ (ﬁ - 1)
= Hm sin0
1 —cosf
I coso
- e|—>n(]) sin“0
- L 1 —cosO
= oM cos (1 — cos?0)
- L 1 —coso
- am cosO(1 + cos0)(1 — cos0)
U S _ 1
B (L_ mn cosO(1+cos0) — 1(1+1) 2 Ans
Q.4  Express each limit in terms of e:
1 2n 1 n/2
Q) Lim (1 + —) (i) Lim (1 + —)
n— +e0 n n'=> +oo n
1 n 1 n
o un b2 ]2 2
: 4\ . ]
(v)  Lim (1+—) (i)~ _Lsim (1 + 3x)%
N — +oo n x=30
(vii)  Lim (1+ o2 (iif) 2 Lim (- 2h)¥n
X X e]./X -1
(ix) )|(__I)I’2 (1+x) (L.B 2003,04) (x) )I(_Lng X+ 1 x<0
1/x _ l
(xi) Ling X 11 x>0 (L.B2005)
X—
Solution:
1 2n r 1 n2
Q) Lim (1+—) = Lim (1+—j
n— +w n n—+o L n/ |
= ¢ Ans.
1 n/2 1 n1/2
(i) Lim (1+— = Lim (1+—)
N = +oo n n—+o L n/ |
= e Ans.
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l n
o (-3 -
= e_l
1 n
(IV) nL—I>rPoo (1+%) =
. 4\"
(V) Lim (1+—) =
n — +oo n
(vi) Lim (1+3x)%*=
n—0
(i)  Lim (L + 23
Xx—0
(viii) Lim (1-2h)*"
h—0
X
. . X a
() XLEE (1+XJ =L
Ui e -1
Gy LM e
Put, x = —-t,
As, x—->0 |,
L. e.‘L/X _ 1 _
xop e+ 1 T

r -n7-1
Lim [1+(ijj }
n—+o [ —N
Ans,

r 1 3n71/3
tim {(1+3) |
el Ans.

r 1 n/4~4
tim |(1+77g) |
et Ans.

le [(1 +3X)1/3X]2><3
n—>0
= ¢° Ans.
= Lim [(1+ 227
Xx—0
= ¢° Ans.
Lim [(1+ (—2h)y 2"}
h—>0
e 2 | Ans.
f ¥ 3
X
S 1.
Lim (x L x)
X7-1
)] =+
(G.B 2005)
t>0

im

X —> 00

Lim

X —> oo
x<0

where
t—>0

(G.B 2006) (L.B 2007)

AnS.

ADnS.
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1/x
. e 1 e)
(xi) Ll)m _/—elx 1 x>0 (Ooj

1
e1/X (1 _ Eﬂi)

1 .
legﬂ—lz Lim 1
1
_ 1—g17i
= Lim 1
Xx—0
1+ 1%
e
1
1-—=
B e
14+
e
1
B 1_00 _1-0_ 1 A
1+—
o0

Continuous Function

A function f is said to/be continuous at a number
three conditions are satisfied.

Q) f(c) is defined.

(i) Lim f(x) exists.

X—>C

(i) Lim f(x) = f(c)

6‘ 2

if and only if the following

EXERCISE 1.4

Q.1  Determine the left hand limit and right hand limit and then find limits of the
following functions at x = c.

i) fx) = 2*+x-5, ¢ =1
2
(i) ) = );_":f L ¢ o= -3
(i) f(x) = [x-5| , c =5
Solution:

(i) fx) = 2x*+x-5, ¢ =1
Left hand limit





