DIFFERENTIATION

EXERCISE 2.1

Q.1  Find by definition, the derivatives w.r.t ‘x’ of the following functions defined as:

@ 2E+1 (i) 2-/x (i) % (iv)%

(V)X%a (Vi) x(x=3),  »(vii) % (viii) x2+%
(ix) (x+4)% (x)x% (xi) xg (xii) x™
(xiii) Xim ,meN (xiv) x* (xv) x%°
Solution:
(i) 2xX*+1 (Lahore Board 2011)
Let y = 2xX°+1

y+8y = 2(x+8x)%+1
Sy= 2(x +8x)°+1-y
Sy= 20+ +2x8x)+1—-(2*+1) -y =2xX+1
Sy = 2x2+28x° + 4xdx + 1 —2x* -1
Sy = 28x* + 4xdx
dy = 20X (dx + 2x)

Dividing both sides by ox.
dy _ 28x(dx + 2x)

&x dx
oy _
ox 2(dx + 2x)

Taking limit 6x — 0
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Lim §X:

X — 0 OX
dy _
dx ~

dy _
dx —

Lim [2(8x + 2x)]
X —>0

(f—x (2x*+1) =

(i) 2-1x

Let
y+dy =
oy =
oy =

oy =
oy =

oy =
oy =

oy =

oy =

oy =

2(0 + 2x)

4x

4x Ans.

2—+x

2—\/x+6x
2—\/x+6x -y

2 -~fx #8x — (24+/x)
2 —~[x o= 2+1/x
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11
o gﬁ_x[—_l 261 & }
y = X5 o X e
Dividing both sides by 6x.
11
sy | ox {-_1 26D 5 ]
- 1 - IR
OX E 2 2! X
11
sy _ 1)1 267D & }
8X - l 2 - 2! . X T ceesesene
X2
Taking limit 6x — 0
11
L_x_|__1{12(21)5_x ]
Lim o2 = Lim Sm |5 ol X e
dy _ =1
dx T 2¢/x
dy ., _ -1
dx (2 \/;() = 2\/;( Ans
(iii) % (L.B 2007)
Let
_ 1
'
y = x12
y+8y = (x+8x)
Sy = (x+8x) -y
8y - (X+6X)_1/2—X_1/2 . y:X—l/Z
112
Sy = [x (1+6YXH — x 2
-1/2
by = (142
SX -1/2 jl
— 12 A
oy = X Kl'kx) -1
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_ —_1) (é_x) 112 (-1/2 - 1) (s_x) ]
oy = X [1+(2 v ol ) Fo -1
_ 1 X [—_1 ~1/2 (-1/2-1) 3 ]
oy = X < |2 * ol o Fe
Dividing both sides by 6x.
dy X [—_1+—1/2 (=1/2-1) 8_x+ }
8X - 1+— 2! . X .........
OX X772
gy 1 [—_1 -1/2 (-1/2-1) X }
ox S X2t ol Sval RTPRPNY
Taking limit dx — 0.
) 1 [—_1 -1/2 (-1/2-1) X ]
SI)?@OSX = 5I;inO T2t ol v
day -1
dx ~ 2 x°°
d (1) _ - N
dx \\/x) ~ 2x 5
. 1
(iv) 33
Let
1
y =
y = x7

y+dy = (x+8%)°
Sy = (x+8x) -y

Sy = (x+8x)°-x2° vy =X
_ AT
o = [X(“ XH B
-3
3y = x° (1+67Xj - x°

sy = x° Kl + %X)_B - 1}

X3 [1 +(-3) (S—X) 3= (S—XT toel —1}

oy = X * 21
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(v)

oy = X

Dividing both sides by 6x.

oy OX |: 34 (—3)( 3 1) 5X

& T &x x7P LT x T
sy [ (—3)(—3—1) 5x }
6X - Xj _3+ 2! . X .........

Taking limit dx — 0

y = (x-a)"

dy _ (=3)(=3 - 1) X .
sliino OX 5|>?I—>0 X [ 3+ 2! X oo }
dy -3
dx
d (1 -3
&(;3) =& AnNs.
1
X—a
Let
__18
Y = x
y = (x—a)
y+3y = (xH#ox-a)"
Sy = x—a+dx) " —y
-1
Sy = [(x—a)(1+x8_xa ~- (x—a)™*
-1
dy = (x—a)‘1(1+)(8—_xa —(x—a)‘1
=]
dy = (x—a)‘{(1+xs_xaj —1}
dy = (x—a)” [1+( 1)( a) (1)(2,1 D'[x—a) +
Sy = (x—a)'. [ (1)( 1 1)_

dx }
o
X—a
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Dividing both sides by 6x

oy _ o (1)(-1-1) & }
&x ~ &x (x—a)! {_14‘ 21 X_a T
oy _ _ 1 { (-1)(-1-1) &x }
& ~ (x—a)’ -1+ 21 X_al
Taking limit 6x — 0
im = | [ ((1(-1-1) _5x }

sl;ino X 6|>?£no (x — a)? -1+ 21 'x—a+ .........

dy —1

dx = (x —a)?

d 1 -1
dx (x - aj T (x-a)’ Ans.

(vi)  x(x-=3)
Let y = X(x-13)
y = x*=3x
y+38y = (x+8X)%—3(x+.6x)

8y = X% +x%+2xdx—=3x — 38X~y
Sy = X2 +0x% +2x8X —8x= 36x — X% + 3x
dy = dx(ox+2X =3)
Dividing both sides by 8x:
% _ 6x(6x-gx2x—3) — Sx+ 2% 3
Taking limit 6x — 0

Lim Y= Lim (sx+2x—3)
Xx—>00X  sx—>0
dy _

% [X(x-3)] = 2x-3 Ans.

W N

(vii) 2

2
Let vy = @



Mathematics (Part-11) 67 (Ch.2) Differentiation
y+3dy = 2(x+8x)*
Sy = 2(x+8x) -y
-4
gy = 2 [x (1 + %Xﬂ — 2x* y=2x"*
-4
Sy = 2x* (1 + 87’() —2x7t
-4
gy = 2x* [(1 + %X) - 1}
2
sy = 2x* [1 +(-4) (%X) + ﬂx#l (%X) o —1}
_4 OX (-4)(=4-1) ox ]
_ 49X A — 1) oX
oy = 2X X[—4+ o1 P
Dividing both sides by 5x.
dy 20X [ 44 (-4)(-4-1) & N }
Sx = 5X.X1+4 — 21 SEVERIRTITLITES
dy 2 (z4)(-4=1)ox
X X [—4 3 ol T P
Taking limit 6x — 0
Lim Y= Lim _5[_4+§—_4X#)'8x ......... }
x>00X  &x—0 2!
d 2 =8
o = =
d (2 -8
) =58] s
1
2 .+
(viii) x°+ v
1
- Y2
Let y = X +32
y — X2 + X—2
y+38y = (Xx+8x)%+ (x+8x)7°
OX B
Sy = X2+6x2+2x6x+[x(1+y)—y} —y
-2
Sy = X2+ X%+ 2x8X + X2 (1 + %Xj — P+ XD) s y=xXP+x?
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es_x)‘2 2
X - X —X

8y = X°+ X%+ 2x8x + X2 (1 +
-2
Sy = X%+ 2x8x + X2 [(1 + 87’() - 1}
2
Sy = SX(&x+2x)+x [1 + (- 2)(6)() g—_zx%) : (%X) + ... 1]
dy = SX(8x + 2X) + X2 X [ M.%X+ ......... }
B 1 (=2)(=2-1) 8x }_
oy = 8x[8x+2x+;1—2{ LA TRV R PPPPPPP ]
Dividing both sides by 6x.
oy & [ { g—z)g 2 1) 6x }_
ox  ~ ox 8x+2x+—3 2+ v S ]
oy 8x+2x+—3[2+ﬂu.6x ......... ]
OX X
Taking limit dx — 0
Sy . 1 2)(-2-1) 8 H
8I)?in0 v 6I)?in0 {Sx +2X.* v {—2 i ol v AP
dy 2
dx ~ ZX_F
1 2
(;j—X(x2+;z) = 2x =@}~ Ans.
(ix) (x+4)¥ (Guj. Board 2003)
Let y = (x+4)"
y+38y = (x+dx+4)"3
Sy = (x+4+3x)" -y
x I 113 13
dy :[(x+4)(1+x+4ﬂ - (x+4) vy = (x+4)
« \12
8y - (X + 4)1/3 (1 + v 4) _ (X + 4)1/3
_ 13 ax
dy = (x+4) [(1+x+4 -1
1( 6x )\ 133 -1)( & Y
_ 13 =
8y_ (X+4) ‘:1+3(X+4)+ 21 (X+4)+ ......... —1:'
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B s OX |1 13(1/3-1) d&x
oy = (x+4) x+4 3" ol gt
Dividing both sides by 6x.
8y dX F+1/3(1/3—1) dX N ]
8X SX(X + 4) Xl_% 3 2! . X + 4 .........
3y 1 [1 N 1/3(L1/3-1) d&x N }
X - (x+4% |3 ol vy LIPS
Taking limit 6x — 0
QY 1 F 1/3(1/3-1) &x ]
8I;inoax—SI)?inomm 3t ol gt
dy 1
dx ~ 3(x+4)7°
e 4y = oo Ans
dx 3(x +4) '
(X) X3/2
Let y = x?
y+3y = (x+8x)¥2
Sy = (x+ox)2y
SX 312
by = [T i
312
sy = x? (1 + SYX) _ 32
_ 6_xj3’2 }
oy = X Kl+ » -1
2(32-1 ?
Sy = x3’2[1+g(67x)+3/ 32/! (%X) + o —1}
X |3 3/2(3/2-1) d&x
— 32 24| 2 A
8y—x.X[2+ 2! 'x}

Dividing both sides by ox.
3

2 -1

dy X .6x[§+3/2g3/2—1) & ]
% - o |2 T vl U
8y i [3 32 (32-1) 8x ]

= X 5t B .
OX 2 2! X

Taking limit 6x — 0
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Lim Y = Lim x”z[ 2(32-1) & }
x—>00X x>0 2" 2! X

gy - 1/2 §
dx — 2
d xH3) = —\/_ Ans
(XI) X5/2
Let y = x*?
y+38y = (x+8x)?
Sy = (x+ox)"2 -y
X\ 512 512
oy —[x(1+xﬂ — X S Y=X
5/2
by = (142"
5/2
Sy = x5 [(1+8Xj ~ 1}
= 2
Sy = |1+ (ij 20252 1) 5£, ] (%X) o —1}
sy = 4 s_x{ 5/2(5/21) x| ]
y = s o ..
Dividing both sides by 8x.
5
sy X [ 5/2(5/2-1) 5 }
6X - SX 2 2' . X ---------
Sy Xg,z[ 5/2(52 - 1) 8x }
6X - 2 2' . X ---------
Taking limit 6x — 0
52 (5/2-1
Lim = Lim x3’2[ AS/,—E.SX ......... }
x—>00X  5x>0 2" 2! X
dy _ 5
dx = 2
d 5
o 07 = 5% Ans,
(xii) x™
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Let y = x"
y+38y = (x+8x)"
oy = [x(1+3]
y = X x )| Y
m
oy = Xm(1+%xj - X" sy=x"
m
dy = x“ﬂh%x) —1}
_om s_x) m(m — 1) (s_x)z ]
6y—x[1+m(x + ol A ) e -1
OX m(m—1) ox
dy = x". [m+ vl ST ]
X 2! X
Dividing both sides by 5x.
dy  x™'ox [ m(m-1) &x }
X - ox M+t
§X — mel |:m+ m(fgl—_ll S_X :l
% savli Lt Y
Taking limit dx — 0
Lim Y- Liff xm‘l[m+mm—_12.8—x ......... }
x>00X  &x0 2! X
% = mx™?
ax KM = mx™* Ans.
(xiii) xmome N
1
Let y = 3m
y = x"
y+8y = (x+&x)™"
-m
OX
oy = [x(+5)]
-m
dy = ‘m(1+%x) - x" sy=xT"
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(xiv)

_ om S_X)‘m }
oy = X [(1+ ” -1
8X)  (=m)(=m-1) (&xY
dy = x™ [1+(—m) (ij m Z!m (YX) +ovirennns —1}
dX (=m)(=m —-1) &x ]
— m == A N O 7 22
= x". 5 [—m+ o vl
Dividing both sides by 6x.
dy x ™t 8X|: (-m)(=m—1) &x }
= — |-m+ vl OO
OX OX 2! X
&y ol [_m+g—m}(—m—1} SX }
Sx o vl T
Taking limit dx — 0
e pic LB ]
8I)?in0 Sx 6I)?in0 X -m + ol ) P
% = —mx ™!
1
%(X_m) = —mx ™ Ans.
X40
Let y = x¥
y+3dy = (xH6x)%*
40
0
oy = x(1e 5] -
40
dy = X40(1+6YX) - x® o y=x¥

40
dy = x4°[(1+%xj —1}

oy =

2! X
dX 40(40 -1) ox
— 40 =2 e
8y—x.x[40+ ol VIR RPPPR
Dividing both sides by 6x.
3y x40t 8x [ 40(40 — 1) x
= 40 + v SOOI
OX X 2! X

2
i) 800 55
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8y _X39[40+404§'—1 o }

Sx el VPP
Taking limit dx — 0
40(40 -1
Lim &= Lim x39[40+M.8—X+ ......... ]
5x — 0 OX X —0 2! X
d_y — 39
ix - 40x
%ﬁ(x"’o) = 40x%* Ans.
(xv) x°
Let y = x
y+3y = (x+0x)
Sx 100
v = (15—
SX -100
— 100 M -100 .. — 100
oy = X (1+X) =X S Y=X
-100
o = ol ]
X
} 5X ) (=100)(-100 — 1) (8xY
Sy = x1°°[1+(—100) (7)+( )(2! )'(Y) o —1]
100 »0X (£100)(=100—1) &x }
- 00 a2 A
oy = X .X[—100+ ol g e
Dividing both sides by 5x.
oy OX [ (-100)(-100 — 1) &x }
ox = 5y x00 -100 + ol e
gy 1 [ (-100)(-100 — 1) dx }
ox XL -100 + ol e
Taking limit dx — 0
) 1 [ (-100)(-100 — 1) ox }
8I;@0 ox - 8I;in0 Vel —-100 + ol vl S
dy  -100
dx ~ x™

d -100
o %) = ST Ans,
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Q.2 Find %ﬁ from first principles if
(i) x+2 (ii) X1+ - (L.B 2004, 2010)
Solution:
(i) X+2
Let y = a/x+2
y = (x+2)"
y+8y = (X +8x+2)
Sy = (x+2+8x)"2-y y
v = [ (125 - e y=EE
112
Sy = (x+2) (1 +X5-i(2) _ (x+2)¥2
By |2
Sy = (x+2)¥3 [(1+X+2) —1}
LOox ) U2@2-1) ( 5x Y
— 12 =
dy = (x+2) [1+2(x+2)+ o1 '(x+2)+ ...... —1}
oX [1 -M2@R=1) ox
3y :(x+2)1’2.x+2[§+ i S }
Dividing both sides by ©x.
sy 8x [; JU2(12-1) 8 }
6X - _l 2 2! . X + 2 .........
8x (x+2)x 2
sy 1 [; 12(12-1) 8x ]
8X - mﬂ‘z 2 + 2| . X + 2 + .........
Taking limit 6x — 0
oy 1 F 12 (12-1) & }
s Toox T o kw2 27T 2 xw2 e
oy _ _ 1
X T 2\fx+2

dix(\/“ 2) = » L Ans.

X+2
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.. 1
(i) M+ a
1
Let y = ~+a
y = (x+a)'”
y+38y = (x+08x+a)?
Sy = (x+a+dox) M-y
Sx T 172 172
oy :[(x+a)(1+x+aﬂ - (x+a) v y=(x+a)
SX -1/2
— -1/2 -1/2
dy = (x+a) (1+x+a) — (x+a)
sx 2
— -1/2 AT
dy = (x+a) Kl+x+aj —1}
_ Y ) (5 ) ((12)(=12-1) ( &x Y
dy = (x+a) [1+(2)(x+a)+ o1 '(x+2) + o —1}
. OX =L (12) (-1/2-1) &
- 12 —_—
dy = (x+a 'x+a[2+ o1 xrat o
Dividing both sides by ox:
oy OX [—_1 = =1/2(-1/2-1) X N }
6X - 1+§ 2 2! . X + a ---------
X (X+a)yx
sy 1 [—_1 ~1/2 (<1/2-1) _&x ]
X m 2 + o1 X+ a+ .........
Taking limit dx — 0
) A 1 [—_1 -1/2 (-1/2-1) o&x ]
8I>TTOSX_ 5[?1“0 (x +a) 2 " 2! ‘X+a o T
dy -1
dx = 2(x+ a)gJ2

d 1 -1
dX (\/mj - 2(X+a)3/2 AnS,






