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By using chain rule

d  _ dy dx
du ~ dx " du

dx  —4x 1

du = (C-1)273x

dx — 4X

du - 3x(x2—1)2 Ans.

EXERCISE 2.5

Q.1: Differentiate the following trigonometric functions from the first principles.
Q) sin 2x (i) tan 3x (i) sin 2x + cos 2x
(iv)  cosx? (v) tan’x (vi) ftanx
(vii)  cos \/?(
Solution:
Q) sin2x  (L.B 2003)
Let vy = sin 2x
y + 38y = sin 2(x + dx)
dy = sin(2x +20x) -y
dy = sin (2x + 20x) - sin 2x
2X + 20X + 2X) . ( 2X + 20X —2X .
dy = 2cos - 11 S oy =sin 2x
+ —
[~sinp-sing = 2cos (pz_q) sin (}%1)]
Sv = 2 (4x+26x) : (@)
y = 2c0s 5 -sin| =
4X + 2 :
dy = 2 cos( X 5 SX) . sin (8x)
Dividing both sides by 6x
dy (4x + 26x) sin &x
v 2 CoS 5 T ax
Taking limit 6x — 0
Lim

X —>08x d&x—0

Lim AX +2 i
dy 2005( X SXj .5|n8x
2 OX
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d 4
a% = 2cos (7)() 1
dy .
dx (sin2x) = 2cos 2X Ans.
(i)  tan3x
Let vy = tan 3x
y + 3y = tan 3 (X + ox)
dy = tan (3x + 36X) —y
dy = tan (3x + 36x) — tan 3x oy = tan3x

5 _sin(3x +36x)  sin 3X
Y7 Cos(3x +35x)  cos3x

sin (3x + 36x) cos 3x — €0os (3x + 30X) sin 3x

oy = cos (3x + 35x). cos 3x
sin (3x + 36X — 3x) e - i
oy cos (3x + 36x),cos 3x [y sinda~p) = sina.cos —cos asin B]
in 35
sy = sin 36x

cos (3x + 38x)cas 3x
Dividing both sides by 6x

oy 3 sin 38X
dX "~ c0S (3X + 38%)€0os 3% 30X
Taking limit 6x — 0
Lim &y _  Lim 3 sin 36X
dX > 08x ~ 83X — 0cos (3x +38x) cos 3x 36X
dy _ 3
dx = cos3x.cos3x -
d 3
E% = c0s?3X

d
o (tan3x) = 3 sec?3x| Ans.

(iii)  sin 2x + cos 2x

Let vy = sin 2X + cos 2x
y + 38y = sin 2(X + 0x) + cos 2 (X + dx)
dy = sin (2x + 20X) + oS (2x + 26x) —y

dy sin (2x + 26X) + cos (2x + 26x) — (Sin 2x + cos 2Xx)
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y = sin 2x + cos 2x

dy = sin (2x + 28X) — sin 2x + cos (2X + 26X) — c0S 2X
2X + 20X + 2X\ . (2X + 20X —2X . (2X + 28X + 2X
dy = 2cos .sin —2sin|———5
2 2 2
: (2x+28x—2x)
sin|——5
2
s - (4x+28x) . (28x) 2 i (4x+26x) . (ZSXJ
y = 2cos > .sin{ =] —2sin 5 sin| =
. I 4X + 28 _(4x + 26X |
dy = 2sin ox cos(%j—sm (%)
Dividing both sides by 6x
dy  _ 2sindx [ (4x+28xj : (4x+26xj_
ox - ex LU 2 )2 )
Taking limit 6x — 0
Lim &y _  Lim 2sinSX[ (4x+28x) .(4x+26xﬂ
x>0 0x  x—0 ox) LN T2 2
Lim &y 4x\ . (4X
X >00x [COS(Z)_S'"(ZH
d . ’
&(sm2x+c052x) = 12.(C0s-2x.—8iN.2X) Ans.
(iv) cosx® (L.B2003)
Let vy = cos Xx°
y+38y = cos (X + 8x)?
8y = cos (X +dx)*—y
8y = cos (x + 8x)?— cos X + (y = cosx?)
[(x+ )+ %% - [(x+ %)X
sy = _2sin ﬁx_éu .Sm[ﬁx_éu}
[+ )2+ xE] (x4 X+ 2XX
oy =—23|n§X—§u.sm(x X 2XX X
:g +8x)° + 27 (8x + 2X)
dy = —2sin s 6); X .sin[BX 6)(2 X}

Dividing both sides by 6x
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) [Sx (5x + 2X):|
& 2sin[(x+8x)2+x2 n 2

X B 2 } ( 2 )6 (8x+2x)
OX +2x)° X 2

Taking limit dx — 0

dy _ : (XZ + xzj 1
ax = —2sin 5 2 1
2X
(2
= —25|n( 5 j . X
d 2 H 2
&(cosx) = -2xsinXx Ans.
(v)  tan*
Let
y = tan’x
y+8y = tan’(x + &x)
Sy = tan’(x +8x) ~y
Sy = tan’(x + &X) - tan’x +y = tan’

dy = [tan (X +.ox)=.tanx ] [ tan (x*+ ox) — tan ]
sin (X +0Xx)... sin X
oS (x+.6x).| cos x}
sin (X + 8x) cos X — cos (X + 8x) sin x}
COs (X + 8X) cos X

dy = [tan (x+6x)+tanx][

dy = [tan (x+6x)+tanx][

Sy = [tan(x + 5X) + tanx
~ Lcos(x + 8x) . cosx
Dividing both sides by ox.

}sin(x+6x—x)

dy  [tan(x+06x) +tanx] sindx

& cos (X + 8x). cos X 86X
Taking limit 6x — 0

dy  tanx+tanx

dx COS X .COSX °

d 2 tan x

a¥ =~ cos’X

2 tanx sec>x Ans.

dix (tanx)
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(vi) /tanx (L.B 2003, 2004)
Let
y = y/tanx
y+3y = \tan (x + )
Sy = +/tan (x + 8x) —y
8y = \ftan (x + 8x) —/tan x (- y = +Jtanx)
_ AJtan(x + 8x) + A/tanx
Sy = [\tan (x + 5x) —/tan x ] [ anGcr ox) + \/tanxJ
sy = (\/tan (x + 8x) )*— (x/tan x )’
\tan (x + 8x) +/tan x
___tan(x + 8x) —tanx
Y= Jtan (x + x) +tan x
sy = 1 [sin (x+3x) sin x}
\Jtan (x + 5x) + yftan x ) Lcos (x +8x) ~ cos x
sy = 1 [sin (X + 8X) CoS X — €S (X + 8X). sinx}
\Jtan (x + 8x) + A/tan-x cos (X + 8X) . COS X
Sy = 1 4 sin (X + &X — X)
\Jtan (x +8x)+ Aftanx 08X 4:8). Cos X
Sy = i ) Sin éx
\Jtan (x ¥ 8x) +ftanx . €os (x+B8x)-cos X
Dividing both sides by 6x
oy _ 1 1 sin &x
38X ftan (x + 8x) +~ftanx ~ COS (X + 8X). cOs X B
Taking limit 6x — 0
dy _ 1 1 .
dX ™ .ftanx ++ftanx ° COSX.COSX
dy 1 1
dx = 2\/tanx ~ cosX
2
(vii) cos\x  (L.B 2004)

Let
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cosx/;

cosm

oy = cosM—y

dy = COSM—COS\& vy = cosx/}

dy = —2sin [DMH X) sin (DMX_ Xj

< <
+
o7]
<
i

2 2

—2sin (er\/;(j : o [@j
2

OX

sin(’/XJrSX_\/;]
2

«/x+8x—\/;
2(,/x+6x +\/;)( 5 )
b 8X = (\X + O + \/;<) (X + 8x —\/;)

by - -2an[ BB

Taking limit 6x — 0

—sin(&J”/;J

dy _ g LN

dx Jx+4x
_Sin[Z\/;J

dy 2

dx ~ 2\/;

d.ix (cos/x) = %& Ans.

Q.2: Differentiate the following w.r.t. the variable involved.

(i)  x*sec4x (ii) tan’0 sec’®

(i) (5in20-cos30)>  (iv)  cos~/X +4/sin X
Solution:

(i)  x*sec4x (G.B 2005)

Let vy = x%sec 4x

Diff. w.r.t. ‘x’
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d d
a% = ix (x? sec 4x)
— ZE 4x) + 4 i 2
= X (sec 4x) + sec 4x ax (x9)
= x?sec 4x tan 4x . 4 + sec 4x . 2x
= 2xsec 4x (1 + 2x tan 4x) Ans.
(i)  tan’0 sec’®
Let y = tan®0 sec’d
Diff. w.r.t. ‘0’
%g = % (tan®0 sec’0)
- tan’o (sec’0) + sec’® d (tan6)
do do
= tan®0 . 2sech . sech tan O + sec’d 3tan’d . sec’d
= tan0 sec?0 (2tan’0 + 3 sec’0) Ans.
(iii)  (sin 20 — cos 30)?
Let y = (sin 26 — co$ 30)?
Diff. w.r.t. ‘0’
d d .
46 = gg (5in20 - cos30)
&y _ o =
1 - 2(sin26 —-c0s36)- 40 (sin20 — cos30)
dy . :
10 - 2(sin 26 — cos 30) (2cos 26 + 3 sin 30) Ans.
(iv) cosx/} +4/sin X (L.B 2008)
Let y = cos/X +4/sinx
Diff. w.r.t. ‘x’
dy _

d d -
o = ax (©os\x)+ g (sinx)

-1
—sin/x % (\/;<)+%(sinx)7.cosx
_ —sinax L, CosXx
T 2x  2fsinx
1 (sin\/;<+ cosx)
T2 Ax  Afsinx
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Q.3: Find %if if

Q) y = xcosy (L.B2009) (i) X = ysiny (L.B2009)

Solution:

0] y = Xcosy
Diff. w.r.t. ‘x’

d d
% = dx (x cosy)

d d d
a% = Xx (cosy)+cosyd—x (x)

% = x><(—siny%¥)+cosy.1

d _d
a% + xsmy%: cosy

%(1 +Xxsiny) = cosy

dy Ccos y
dx. = 1+xsiny Ak
@i x = ysiny
Diff. w.r.t. ‘X’

d d .
dx ¥ = gx (ysiny)

d . - d
= Yix (S|ny)+smya§

1 ycosy % +siny%¥

[EEN
|

(ycosy +sin y)%%

-
I

dy _ 1
dx = ycosy+siny Ans.

Q.4: Find the derivative w.r.t. ‘x’

: [1+x L [1+2x
(i) COS\ /15 ox (ii) sin\ /7

Solution:

. 1+X
0] COS\ /1 ¥ ox (G.B 2005)
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Let

Diff. w.r.t. ‘x’

g2

= !
+| &=

x

= —sin

N
+| +

N
X1 X

= —sin

=
+
N
X

7~ N\
(@)
o
wn

-1
(L+x?

| =

B 4 ()
1+2x “dx \1+ 2x

(1+2x)%(1+x)—(1+x).%(l+2x)

|

|
L.
S

1+

2X "2

-1
(1+2x)2

[1+2x—-(1+X).2]

=

= —sin

1+x

1
(1'+x)? eq (1+2x)2
(1+2X =2 —2X)
3

N

= —sin

N
X

21 F x (@ +2x)2
)

= —sin

IR = IR N
+| 4 + +| 4 +
x [ X

N
X

3
2T+ x (1 +.2x)2

; 1+x
sin 1+ 2%

dy _

dx ~

3
2+/1+x (1 +2x)?

ADnS.

(i)

; 1+ 2x
sin T+x

Let vy =
Diff. w.r.t. ‘x’

[_ 1+2x

Sin 1+ x
1+2x

CcOoS 1+x -

|

(G.B 2004)

+ 2X

: [1
sin

1+Xx

SAE

(1 + 2x)°
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1+ 2x 1(1+2xj‘—1 d (1+2x)

= C0S 1+x "2 \1+x “dx \1+x

(1+x)%(1+2x)—(1+2x).dd—x(1+x)

T+2x 1 (L+2x) 7 {

e

= cosS 1+X.2m 1+ X7
1+ 2x 1+x)2—(1+2X
- oo [LB LA002-0220]
2(L+2x)2(L+2x)2 *2
1+2x (2+2x—-1-2x)
- 008 \} 1+x 3
241+ 2x (1 + x)?
1+2x
dy cos | T+ x
ax = 3 Ans.
21+ 2x (1 + x)?
Q.5: Differentiate
(i)  sinxw.r.t. cot x (i) | sin’xw,r:t. cosx
Solution:
sinx w.r.t.cotx (L.B 2009)
Let
y =sinx ;U = ‘cotx
y = sinx u = cotx
Diff. w.r.t. ‘x’ Diff. w.r.t. ‘x’
%: COS X % = —cosec ’X
By using chain rule
dy _ dy dx
du = dx "du
-1
= COSX- Cosec?x
B _ osxsinx Ans
du '

(ii) sin’x w.r.t. cos’x  (G.B 2003, L.B 2009, L.B 2004, L.B 2008)
Let
y = sin’ , u = cos’x
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y = sin’x u = cos’x
Diff. w.r.t. ‘x’ Diff. w.r.t. ‘x’
dy _ du _ 3, o
dx - 2 sinx cos X ax - 4 cos”X —sin X
= — 4 sinx cos’x
By using chain rule
dy dy dx
du”™ dx "du
= 2 Sinx cosxX . 2 sin X cos3x
e e S
= 2 cosix = 5 SeCX Ans.

: dy
Q.6: Iftany (1 +tanx) = 1-tanXx, show that dx -~ 1 (G.B2009)
Solution:

tany (L +tanx) = 1—tanx
_1-tanx
@ny = 7% tanx
tan 7 - tan X
tany = -
1+ tan RGURS
tany = tan G— x)
_ I
y =42 X
Diff. w.r.t. ‘x’
d
a¥ = —1| Hence proved.

Q.7: Ify= \/tan X + \/tan X+tan X + ......... o, prove that (2y — 1) %))f = sec?.

Solution:

Yy :\/tanx+\/tanx+ fanx +......... 0

Squaring on both sides

y? = tanx +\ftan x +/tan x +......... o
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yP= tanx+y

Diff. w.r.t. ‘x’
2y g—i = sec’ + %
dy d
2y a))f - a))f = sec’

(2y—1)g—§ = sec’

Q8: Ifx = acos’®, y =

Solution:
X = acos’0
Diff. w.r.t. ‘0’

dx _ 2 ,
40 - 3a cos“0 (—sino)
= —3asin 0 cos?0

By using chain rule

Hence proved.

bsin®@ , show that a%))f+btan9 =0

(G.B 2004, G.B 2011, G.B 2007)

y = bsin®0
Diff. w.r.t. ‘0’
dy

A =0 2
40 3b sih“0 cos 0

dy _ dy do
dx — de "dx
=1
_ L2 il l.\
= 3b sin“6'cos 0" 3a5in 0 c0s20
-b
= 3 tan ©
dy _
agy —btan 6
dy
agy ™t btan6 = 0 Hence proved.

) . dy . . .
Q.9: Find dx ifx = a (cost+sint), y = a(sint—tcostt)
Solution:

X = a (cost+sint) y = a (sint—tcost)
Diff. w.r.t. ‘t’ Diff. w.r.t. ‘t’
dx dy _

qt a(—sint+cost)

qt = afcost—{t.-sint+cost.1)
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dy .
it = acost+at.sint—acost
d .
d_)t/: at.sint
By using chain rule
dy _ dy dt
dx = dt "dx
= tsint 1
B atsin “a(-sint+cost)
dy _ tsint
dx. = cost-sint Ans.

Q.10: Differentiate w.r.t. ‘x’
: -1X o -1X 1.4
Q) cos™ 3 (i) cot a (iii) 5 Sin™ 5
k1 2
(iv)  sinty/1-x° (v) sec™ &z_—l) (vi)  cot? (1—)(2)
y 1-x°
(vii)  cos™ (1 +);z)

Solution:

- ~1X
Q) cos™ 3
Let y = cos =

Diff. w.r.t. ‘x’
dy -1 d (Xj
dx x\2 ©dx
()
dy _ _ -1
dx — X<
i@
dy -1 1
dx a*—x° "a
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(i)

Let

(iii)

Let

dy = -1 1
dx — j!a?_xf "a
a
dy -1
dx — \/52_—)(2 AnS.
cot™ > (LB 2006)
_ 1 X
y = cot 2
Diff. w.r.t. ‘x’
dy _ -1 d (Ej
dx ~ (x)z ©dx \a
1+ =
a
dy = -1 1
dx — X ' a
1+
_ -1 1
- Z+xX° 1 a
arx
a
= TS
1 . _1a
2 Sin~" % (L.B 2010)
_1 18
y =3 sin""y
Diff. w.r.t. ‘x’
dy 1 _ 1 d (é)
dx ~ a (QJZ “dx \ X
1- X
dy 1

1 d

dx ~ a a - 80X (X)
1-32
1
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1 1
NS
X
= -1 Ans
x\X2 —a’
(iv)  sin~ty1-x
Let y = sin t\1-x
Diff. w.r.t. ‘x’

dy _ 1 d
o T o o )

dy 1 1. o5td
dx 7 Af1-1+ X2 '2( -X) d
dy 1 1 1 )
dx = 2N e U
—X
- xxll—x2
dy _
dx = Ans.
(x2+1j ~
(V) sec 321 dx SecTX.= -
Let
2
: (x +1)
y = sec ({7 ¢
Diff. w.r.t. ‘x’
dy 1

dx = 241 X +1 - dx
e )—1

(x +1) (x +1) (x -1

x* -1
X2 +1) /(Xiﬂ)z -1
(x*-1)
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(x? =1) 2x —(x* +1).2x

2 2 (x*+1)° —(x*-1)°
(X+DO<—DJ v

2x (x? —1-x*-1)
1 \/x4+1+2x2—(x4+1—2x2)

X2 +1) (x* -
(x*+D)( 21

_ 2x(-2)
(x> +1) \/x“ +14+2x% —x* —1+2x?

- &
(x> +1) V4x®

= i = —2 AnS.
(X* +1).2x x?+1

. 2X
vi cot™
(vi) 1-x2j
2X
— -1
Let y = cot (mz)
'ff [3 b (i _1 — ™ 1 )
Diff. w.r.t. ‘x dx cot XET
dy -1 i( 2X )
dx ~ ox 2 tdx \1—x°
1+(1—xa
d d
. rlxﬁa;OOXH;axﬁ

= 4x° (1-x9)°
SRS

_ —2 [(1—x2)—x(—2x)}

T (=X + 4X° (1-x9)°

(1-x%
— 21— X%+ 2x7]
1+ X*—2X° + 4x°
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-2
= 1+ Ans.
2
(vii)  cos™ G:);z) (L.B 2004)
- 1 1—X2)
Let y = coS (mz
Diff. w.r.t. ‘x’
dy _ -1 i(l—xzj d o -1
dx 12 Y dx \1 +x2 dx €0° X_x\/1_X2
i)
1+x
(1+xz)i(l—xz)—(l—xz)i(uxz)
_ -1 dx dx
L A=x) (1+x%)*
(1+x%)?
_ -1 {(l+x2)(—2x) —(1—x2).2x}
(1+Xx2)% 2 (1—X3)? (L4x%)?
(1+x3)°

S 2x[=1o% -1+ X7
\/1+x4+2x2—(3+x4—2x2) W)
1+x
—2X(-2)
\/1+ x*+2x% = 1-x* +2x* (1+x%)

. S
JAX® (1+x)
B 4x

T 22X (1L +XD)

2
= 1+ 2 AnS,

Q.11: Show that%‘;’ =Y itl= tan‘1§ (L.B 2003, G.B 2007, L.B 2007, G.B 2008)

Solution:
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))% = tan‘1§
_ aX
y = xtan y
Diff. w.r.t. ‘x’
dy _ _( 15) —1(_)_
ax = Xdx tan y + tan y ) dx (x)
e 43 ()
o (e Ty
y
F o d dy
y——(X)-x—=
%))f - —sz dx : dx |, ¥
1+ y X
- dy
d Y T i
- % | et
1+2 y A
&
dy _ _X dx y
dx = y“+Xx V2 o
y
dy _ _xy X dy .y
dx - X +yY X +ydx T x
dy xX* dy X 1
dx "X +y dx Y x2+y2+;
dy 1. X -y X2+ X% +y?
dx x*+y’ X(X? +y?)
dy (&Zyz_;ﬁ) |2y )L vy Xy
ax X+ X(< +y?) x (X2 +y?) (2x* +y?)
% = ))f Hence proved.
Q.12: If y=tan (P tan " x), showthat (1 +x?)y;-P (L +y*) =0

(L.B 2006) (G.B 2006)
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Solution:
y = tan(Ptan tx)
tan 'y = Ptan’x
Diff. w.r.t. ‘x’
1 _ 1
oy 1= PIoyg
L+x)y1 = P(L+y)
(1+x)y; — P@+y) = 0] Hence proved.
EXERCISE 2.6
Q.1 Find f'(x) if
: _ Ax-1 . _ 3 %
Q) f(x) = e (i) f(x) = xe”(x#0)
(i)  f(X) = ex(1+£nx) (v) f(x) = e‘§+l
V) f() = tn(E+e Wi)s | 100 = %
i)  F(X) = /e (€ +e ) | (iiyerfx) = on (P re )
Solution:
O fe =e
Diff. w.r.t. ‘x’
frx) = e\l;(l.%( X —1)
1
fr(x) = e\l;(l.% X 2
e\/;(f1
fr(x) = 2\/;( Ans.
1
(ii) f(x) = xeX(x=0)
Diff. w.r.t. ‘x’

1 1
f(x) = x3% (ex) +eX % %)





