Mathematics (Part-11)

(Ch.2) Differentiation

EXERCISE 2.9

Q.1: Determine the intervals in which f is increasing or decreasing for the domain
mentioned in each case.

Q) f(x) = sinx ;

(i) f(x) = cosx ;
(i)  f(x) = 4-%° ;
(iv)  f(X) = X*+3x+2 ;
Solution:
f(x) = sinx Xe (-mm)
f'(X) = cosx
Put
f"(x)= 0
=> cosx=0
- y = -~ L
2 2

So the sub-intervals are

~ZF) (F o

— T
For (—n, 2)

f/(x) = cosx <0 in(—n,_nj

)

SN
N
N|:—1

So f(x) is decreasing in (— T,

—T T
For( 5 > 2)

f'(x)= cosx>0 in(

a

3 '\’|
NIa NI
N—

N—

™|

So f(x) is increasing in (

xe (-mm)
X e (-ggj (L.B 2005)

xe (-2,2)
Xxe (-4,1)
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f/(x)= cosx< 0 in(5, n)

So f(x) is decreasing in g n)

(i) f(x) = cosx ; Xe (?g)
f'(xX) = —sinx
Put
f'x) = 0
sinx = 0
x =0

N

4
o

~—

I/
o

So the sub-intervals are (

—T
For( 5 > 0)

f'x) = -sinx >0 in (%0)

So f is increasing in(% , O)

T
For(O, 2)

f'(x) = —sinx<0 in(o,g)
So f is decreasing in (O , g)
(i) f(x) = 4-x* ; Xxe (-2, 2)
fr(x) = -2x
Put
f'(x) =0
- 2X =0
X =0

So the sub-intervals are (— 2, 0) and (0, 2)
For (- 2,0)

f'(x) = —2x>0 in =2,0)
So f(x) isincreasing in (-2,0)
For (0, 2)

f'(x) = —=2x<0 in (0,2

(L.B 2008)
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So  f(x) is decreasing in (0, 2)

(iv) f(x) = X*+3x+2 ;xe (-4, 1) (L.B2007)(G.B2008)

f'(x) = 2x+3

Put f'x) =0
2x+3 = 0

2x = -3

_ -3

X =7

So the sub-intervals are (—4 , _73) , (7 , 1)
-3
For(—4 , 2)
. -3
f'(X)= 2x+3<0 in (_4’7)
- . . _3
So f (x) is decreasing in (—4 g 7)
-3
For(2 , 1)
g
f'"(X)= 2x+3>0 in (7 . 1)

So f (x) is increasing in (_2—3 - 1)

Q.2: Find the extreme values of the following functions defined as

iy fx) = 1-x° (ii) f(x) = xX*—x-2
(iii) f(x) = 5x*—6x+2 (iv)  f(x) = 3x°
(v) f(x) = 3x*-4x+5 (i)  f(x) = 2®-2x*-36x+3
(vii) f(x) = x*—4x? (viii)  f(x) = (x—2)*(x-1)
(ix) f(x) = 5+3x-x® (L.B2011)
Solution:
(i) fx) = 1-x°
fr'(x) = -3
' (x) = —6X
For stationary points
Put f'(x) = 0
2

— 3X = 0
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XX = 0
X = 0
The second derivative does not help in determining the extreme values.
Before x =0 , fr(x) < 0
After x =0 , fr(x) < 0
o. X = 0 has a point of inflection.
Put
X =0 in
f(x) = 1-x°
f0) = 1-(0)7° = 1
.. Point of inflection is (0, 1)
(i) f(x) = x*-x-2
f'(x) = 2x-1
f'"(x) =2
For stationery points
Put f'(x) =0
2x-1 =0
2x =1
1
=3

X
1.

Put x = 5 inf'" (x), we get
2

Hl_
f(z)— >0

) .. 1
f has relative minima at x = 5

fx) = X*—x-2
1 e 1
f(z) = (2 —2 72
11
=422
1-2-8 -9

Ans.
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(iii) (L.B 2009 (s)) (L.B 2009)
f(x) = 5x°—6x+2
f'"(x) = 10x-6
f"(x) =10
For stationary points
Put
f'x) =20
10x-6 =0
10x =6
6
X T 10
3
=5
Put

X = ginf” (x), we get

. (3 _
f (5)—10>0

) . 3
f has relative minima at x = 5
3.
Put X =t in
f(x) = 5Xx*—6x+2
3 3\ 3
f(S) - 5(5) ‘6(5)”
9 18
5(25)‘5 +2
9 18
= 55 *t?2
. 9-18+10
- 5

—h
7N\
gllw
1
gk

Ans
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frx) = 6X
f"(x) = 6
For stationary points
Put fr(x) = 0
6x = 0
X = 0
Put x = 0inf" (x), we get
f70) = 6>0
s f has relative minima at x = 0
Put x =0 in
f(x) = 3
f(0) =  3(0)
Ans
(V)
f(x) = 3x°—4x+5
fr(x) = 6x — 4
f"(x) = 6
For stationary points
Put fr(x) = 0
6x—-4 = 0
6X = 4
4
X - 6
2
= 3
2 .
Put x = 3 in f (x), we get

6>0

—h

N

WIN

N———
1l

f has relative minimaat x =

2 .
Put X 3 in

f (x)

WIN

3x°—4x + 5

(G.B 2008)
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((5)=5(5) «(5)+s
- 3(8) Eus
<53
_4-8+15
- 3
f(%) = 13—1 Ans
(vi)
fx) = 2x°—2x*-36x+3
f'(x)= 6x°—4x—36
f"(x)= 12x -4
For Stationary Points
Put
f'x) = 0
6x°—4x—36 = 0
23x°—2x-18) = 1.0
3x*-2x-18 =0
—b+ \/b2—4ac
X = 2a

Here a = 3, b = -2, c = —-18
— (=2 + \(-2)* - 4(3)(- 18)

X = 2(3)
X:Zi 4+ 216
6
L = 2£220
6
2 + 4 x55
X =

X
1
N N
= I+
ot o o
al &

(G.B 2005)
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_1+4/55
X =73
1++/55 .
Put X = 3 inf’” (x), we get
J(1++/55) _ . (1++/55
f( 3 j‘lz( 3 )—4
= 4(1++/55)-4
= 4+4[55 —4
= 4+/55 >0
: - 1+4/55
f has relative minimaatx = 3
1++455 .
Put X = 3 in

fx) = 2x°—2x*-36x +3

(L ) - 1] 1o ),

3

8

-y [1+55+/55+31/55 + 3 (65)] | 5 (1+55+2 55)_12(“\/5—5”3

27 9
2 (166 + +
- (662758\/5_5)_2(56 92 55)—12—12\/5_5+3

_ 332+£6\/5_5_ 112+94\/5_5_12\/§>_9
332 +1164/55 — 3(112 + 41/55) — 324155 — 243
= 2

=
89— 2084/55 — 336 — 124/55
- 27

1++/55 1
f( 3 ) = 57 (— 247 — 220+/55)
1-—
Put x = £ inf" (x) ,weget

3

1-+/55 1-+/55
(1508 - (1R,

= 4(1-/55)-4 = 4-4+[55-4

= —4+/55 <0
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f has relative maxima at x =
1-+/55 .

3 in
23— 2x% — 36x + 3

Put

f(x)

3 2
1—3[55' 1-+/55 1—3[55'

2[1-551/55—3+/55 + 3 (55)]

27

2(166 — 58 1/55) 56 — 2 /55
27 —2(7

27

(1+55_2\/§3j
2 9

—12+12:/55 + 3

332 - 116+/55 _112—94\/5_5 + 1255 _ 9

332 — 116/55 — 3(112 — 41/55) + 324~/55 — 243

27

89 + 208 1/55 — 336+ 12+/55
27

1-+/55 1
f( 3 ) = 57 (- 247 +/220[65)

(i) f(x) = x'-4x°
f'(x) = 48
fr(x) = 12x*°-8

For stationary points

Put
f'(x) =0

43-8x =0
4x(x*-2) = 0
x(x*~2) =0
Either
X =0 o x-2 =0
X2 = 2
X = £4/2

Put x = 0 inf" (x), we get
f7(0) = 12(0)*-8 = —8<0
f has relative maximaat x =0

— 12 (1-~/55 )+3
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Put x = 0 in

f(x) = x*—ax?
fO = (040
Put
X = A2 inf" (x), wget
fr@(f2)= 12([2)*-8
= 12(2)-8
= 24-8
= 16>0
f has relative minima at X = \/§
Put x = \/§ in
f(x) = x*—4x°
f(2) = (2)'-4(/2)
= 4-4(2)
= 4-8
f(2) = 4
Put
X = —+[2 inf'iX), weget
fr(+f2) = 12(~2)-8
= 12(2)-8
= 24-8
= 16>0
f(x) has relative minima at X = — \/E
Put X = —\/5 in
f(x) = x*—4x?
f(2) = (\2)' -4(2)
= 4-4(2)
= 4-8
[ff2) = -4
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(viii)

fX) = (x-2)°(x-1)

f(X) = (X +4-4x) (x—1)
f(x) = X3 +4x—4x* X®— 4+ 4x
f(x) = X*~5x° +8x—4

f'(x) = 3x*—10x +8

f’(x)= 6x—10

For stationary points

Put

Either

Put

Put

Put

f (x)= 0
3x*-10x+8 = 0

3 —6x—4x+8=0
AX(X-2)-4x-2)= 0
x-2)(3x-4) =0

0 or X=4 =

-2
= 33X =

X
X

NI
[CO N N )

)y =

x = 2inf" (x), we get

f"(2) = 6(2) 10

12-10
=2>0

f has relative minima at x = 2

X = 2 1n

f(x) = (x=2)°(x-1)

f2 = 2-27°@2-1)
f(2) = (0Y° (1)

4 .
X =3 inf'" (x), we get

(§) = o(3)

= 8-10 = -2<0
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. i 4
f has relative maxima at X = 3

4
Put X—3|n

f(x) = (x—2)*(x—1)

(5)=(3-2 (51

4 4
f(@) = 7
(ix)
f(x) = 5+3x-x°
f'(x) = 3-3x°
f(x)= —6x

For stationery points
Put f"x)= 0

3-3x =0
-3 = -3
X = %
x> =1
X =1
Put X =1 inf"” (x), weget

f"(1) =-6(1) = -6<0
o f has relative maximaat x = 1
Put x =1 in

f(x) = 5+3x-x°
f(1) = 5+3(1) - (1)°
= 5+3-1
f() =7
Put Xx = -1 inf"” (x), we get
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f"(-1)=-6(-1)=6>0
o f has relative minimaatx =—-1
Put X = -1 in

f(x) = 5+3x-%X
f(-1) = 5+3-1)-(1)°
= 5-3+1

fcy = 3

Q.3: Find the maximum and minimum values of the function defined by the
following equation occuring in the interval [0, 2m].
f(x) = sin X+ cos X
Solution:
f(x) = sinXx+cos X
f'(x) = cosx—sinx
f’(X) = —sin X —cos X
For stationary points
Put f'x) =0

CoOSX—sinx = 0
CoSX = sinx
sin x

cosX 1

tanx =1

Since tangent is positive the in 1% and 3" quadrant with reference angle % :

_ = N
X =4 X =mty
_5n
X =7

Put X = % in f'(x), we get

20

sinE cosE
4 4

-1 1
V2 A2
~1-1

N
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::/_—z <0

f has relative maximaat x =

B3

T .
Put x—4|n

—h
~—~
X
[
1

sin X + CoS X

iy ook
= S 4 COS4

—h
7N
&~1a
N—
I

11
T2

1+1

N
N

(&)

Put X = %ﬂ inf" (x), we get
f”(s—n) —sin5—n—0055—7t
4 4 4
_ (=) (=
- (%)@
1 .1
RN
1+1
2

_\/§>0

f has relative minimaat x = y

13
1
=
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Put

d

5
(%) =
/nx
Q.4:  Showthaty = ~ has maximum value at x = e
Solution:
/nx
y =5
1
dy X. Vi /nx .1
dx X2
1-—/nx
dy _
dx X2
-1
dy x* .~ = (1 fnx).2x
dx* = (x%)?
d? — X —2X + 2X /nx
ax? x*
d_2>g —3X + 2X /nx
dx? - X7

X

f(x)

5t
4

)

5 .
4|n

sin X + cos X

_ 5t 5n
—sm4 COS4

-1 1
T2 W2
“1-1

For stationary points

(L.B 2005)
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dy _

dx —

1-/nx

=0

1-/nx =0

Put

1 = /nx
/X = /ne

X = e o /ne =1

Put X

I
®

in o+ We get

o
N

—3e + 2e

o
X
1
mb‘

%o

|
[

<0

“d

/nx

i has'maximum valueat x = e.

Shows vy

= 1
Q.5:  Show that y = x* hasja minimum value at x = i (L.B 2006)
Solution:
y=x"
Taking ‘/n’ on both sides

X

ny = /nX
‘ny = X /nX

1 dy
y " dx
% = y[1+/nx]
dy
dx

1
= X'x +/nx.1

= xX*(1+/nx)

d_2>§ x d d x
ol = X dx (1+£nx)+(1+£nx)& (x)
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d2
_x% = x*.
2

X I~

+ (1 + /nx) . xX* (1 + /nx)

o o
<

xx[%-+(1+ﬂmf]

<

For stationary points

dy _
Put ix - 0
X*(1+ /nx)= 0

1+/mx = 0 , xX*#0

/me+/x =0

/hx = —/ne
/mx = fne *
x = e !
_1
X = e
1. d?
Put X = Elndx,weget
d? 1\ [ hG
o " (e)e [1+(1+fne) }
e
2 1
gx = (%)E [e+(1+me)?]
2 1
gx = (%)E [e+(1-/ne)]
d? 131
= (26 [era-17)
1
e

o |
>< N
1
D
VR
N———
@D |+
\Y
o

oD |-

Shows y = x* has a minimum value at x =





