charter CONIC SECTION

6

Conic Sections or simply conics are the curves obtained by cutting a right circular
cone by a plane.
If the cone is cut by a plane perpendicular to the axis of the cone, then the section
is a circle.
Definition of a Circle
(Lahore Board 2009, 2011)

The set of all the points in the plane that are equally distant from a fixed point is
called a circle.

The fix point is called center of circle. The distance from a center to any point of
circle is called radius of circle.
Equation of Circle
If ¢ (h, k) be center of a circle and p(x, y) be any point on the circle.
‘r’ is distance from center to any point of circle i.e. r is radius of circle.

p(xy)
By distance formula
cpl = N(x=h)*+(y—k)*
r = AJ(x—h)YZ+ (y — k) (- lepl =71)
r2 = ()( — h)2 + (y — k)2 ........ (l)

is an equation of circle of standard form.
If center of circle is origin i.e; ¢(0, 0) then equation of circle becomes

r? = (x-0)°+(y-0)°
rZ — X2+y2
Point Circle:

If r =20 then circle is called point circle.
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Parametric Equations of Circle:

X =1 C0S 0, y=rsino

General Form of an equation of Circle

The equation x? + y? + 2gx + 2fy + ¢ = 0 represents a circle g, f, ¢ being constants.

X2 +y* +2gx+2fy +c=0

X2+ 2gx + g° + y* + 2fy + = g° + f —c (-~ Adding g? and f ? on both sides)

OC+2gx + @) + (Y +2fy+ ) =g’ +F ¢
x+g)+(y+fH2= g*+f-c
X—(gP+x-(H = g+f-c

Which is standard form of an equation of circle, where center is (-g, —f) and

radius is \/g2 +Z-c.

(Ch. 06) Conic Section

EXERCISE 6.1

Q.1: Ineach of following find an equation of circle with
(@) Center at (5,-2) and radius 4.
(Lahore Board 2009)
Solution:
The equation of circle by standard form is
x—hP+(y-k? =+
(x—=5)°+(y—(-2))° = (4
(x—5)2+ (y+2)? =16
X2 +25-10x+y*+4+4y—16 = 0
x+y 10x + 4y + 13 =0
(b) Center at (\/5 -3 \/5) radius 2\/5
Solution:

The equation of circle by standard form is
(x—h)? + (y—k)? =r

X2 +(y-(33) = @2)

Xo+2-2A2[2x+y?+27+6/3y = 8
Xe+y?—2n\2x+6\3y+29-8 = 0
X+y—n2x+6\3y+21 = 0
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(o) ends of a diameter at (-3, 2) & (5, -6)

Solution:
=23 m (SRS
N
Center = Mid point of ends of diameter
_ (Xl X2 it Y2)
- 2 2
Center = (_3;5 , ZEGJ = (g , %) = (1,-2)
Radius = Distance from center to any one point of circle
= J@+3°+(2-2°
= \/16 + 16
= 32
The equation of circle by standard form
(x—h)? + (y - k)® =r
(x-1%+(y-(2)° = (/32)
(x—1)° +(y +2)? =32
XP+1-2x+y +4+4y=32 =0
X2+ y*—2x + 4y — 27 =0
Q.2: Find center & radius of the circle with the given equation
(@) X*+y?+12x— 10y =0
(Lahore Board 2010)
Solution:

General from of an equation of circle is x* + y* + 2gx + 2fy + ¢ = 0
Compare it with x* + y* + 12x — 10y = 0
29=12 , 2f=-10
g=6 , =-5
We know that
Center of general formis (-g, —f) = (-6, 5)

Radius of circleis = \/gz +%-c
= () +(5)°-0

0

c
c=0
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\/36+25
= /61
(b) 5x*+5y°+14x+12y—-10 = 0
Solution:
5x% +5y* + 14x + 12y —10 = 0
Dividing throughout by 5
5 5y 14x 12y 10
575 "5 75 5
Ux 12y
5 tg -2=0
Comparing with general form of an equation of circle

=0

2

X2+ Yy +

14 12
29 =7 2f= % c = -2
7 6
g - 5 1 f - 5 y c = —2
e = Y [y R
Center of circle = (—g, —f) = (_5 ] _SJ
. . 72 (6)2
Radius of circle = ~/(g°+f°—-c) = \/(5) +(§j A 2 )
R
- 2o
- [49+36+50 - [135
- 25 - 25
1
= 3@ Ans
() XP+y*—6x+4y+13= 0 (Lahore Board 2009)

Solution:
X2 +y —6x+4y+13= 0
Comparing it with general form of an equation of circle

29 = -6 2f= 4 c = 13
g = -3 , f =2 c = 13
Centerofcircle = (-g,—-f) = (3,-2)

\/g2 +f—c
\(3)" + (2" - 13
\/9 +4-13

Radius of circle
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= 4/13-13
=0
(d) 4xX°+4y*—8x+12y—-25 = 0
Solution:
A% +4y* —8x+12y—-25 = 0

Dividing throughout by 4
x2+y2—2x+3y—24—5 =0

Comparing it with general form of an equation of circle

25

29 = 2 2f = 3 c=-7
3
g = -1 |, f:z

Center of Circle -9-f =01, - %)

\/g2+f2—c
2
\Jon' s 75)
/1+ +_ /4+9+25
- \/: K 2

Q.3:  Write an equation of the circle that passes through the given points.
(@ A(4,5 , B(4,-3) C(8,-3)
(Lahore Board 2009, 2011)
Solution:
When the circle passes through different points we use general equation of circle.
X2 +y* +2gx +2fy +c=0 )
For A (4, 5) we have
(4)° + (5)" +29(4) + 2f (5) +c =0
16+25+8g+10f+c=0
41+8g+10f+c=0 Q)
For B (-4, —3) we have
(-4)* + (-3)° + 2g(-4) + 2f (-3) + ¢ =0
16+9-8g-6f+c =0
25—-8g-6f+c =0 (i)

Radius of Circle
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For C (8, —3) we have

(8)* +(-3)*+2g(8) +2f (-3)+c = 0
64 +9+16g—-6f+c =0
73+16g-6f+c =0 (iii)

Subtracting (ii) form (i) Subtracting (iii) form (ii)

41+8g+10f+c =0 25-8g —-6f +c =0
_25189$6f 4+¢=0 _73i16g¢6fic:0
16+16g+16f =0 —48 —24g =0
1+g+f =0 (iv) 2+g=0 g=_2
1-2+f =0 .
1 24+f - 0 Put in (iv)
“1+f =0 => f=1

Now putting values in (i)
41+8(-2)+10(1)+c =0
41-16+10+c =0
35+¢C 0

Substitute all value in (I)

X+y+2(-2)x+2(1)y-35 =0

X2 +y* —4x +2y—35 =g
(b) A-7,7) B(5,-1) C(10,0)
Solution:
General equation of circle is
X¥+y +2gx+2fy+c = 0 (1)

For A(-7,7) we have (-7)%+ (7)* + 2g(-7) + 2f(7) + ¢ =0
49 +49 - 149+ 14f +¢c =0
98 -14g+14f+c=0 ... (1)
For B(5,-1) (5)°+ (-1)*+2g(5) + 2f(-1) +c =
25+1+10g-2f+c =
26 +10g—2f +c =
For C(10, 0) (10)? + (0)* + 2g(10) + 2f(0) +¢c =
100+20g +c =

O O O o o
=
=
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Subtracting (ii) form (i) Subtracting (iii) form (ii)
98 -14g+14f+c=10 26+10g —2f +c =0
_26$10g$2fic:0 100 ,20g 4€c=0
72-24g+16f =0 (iv) —74—-10g - 2f =0 (v
8(9-3g+2f) = 0 Adding (V) & (vi)
9-3g+2f =0 (vi)

g = -5 Put in (vi)
Put in (iii)
100+20(-5)+c= 0
100-100+c =0
c = 0

Substitute all values in-(I)
X2+ Y+ 2(-5)x +2(-12)y+0 = 0

X*+y"—10x—24y = 0  Ans.
(c) A(@,0) , B(0,b) , C(0,0)
Solution:
General equation of circle is
X +y +2gx+2fy+c = 0
For A (a, 0) we have
a® + (0)*+2g(a) + 2f(0) +c = 0
a’+2ag+c =0
For  B(0, b)
b® + 2fb + ¢ =0
For  C(0,0)

(0)° + (0)° + 29(0) + 2f(0) + ¢

|
o o o

—74-10g — 2f
9 — 39 + 2f
—65-13¢ =
-65 = 13¢g
9 - 3(-5) + 2f
9+15+2f
2f = -24

f=-12

(M

(i)
(i)

11
o
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= |c =0
Putting value of c in (i) and (ii) we have
a?+2g = 0 b’+2fb = 0
a(@+2g9)=0 bb+2f) =0
at2g =0 b + 2f =0
29 = -a
—a -b
=> g = 3 f = 5
Substituting all values in (1) we have
x2+y2+2(?ajx+2(7bjy+c =0
X*+y’—ax—by+c = 0  Ans
(d AG5,6) , B(-3,2 , C(3,-4)
(Gujranwala Board 2006)
Solution:
General equation of circle is
XC+y*+2gx+2fy+c =0 )
For A (5, 6) we have
(5)° + (6)* + 29(5) + 2f(6) +¢c - = O
25+ 36 +10g + 12f +C =0
61 +10g + 12f + ¢ el Q)
For B(-3,2)
(-3)*+ (2 +29(-3) +2f(2) +c = 0
9+4-6g+4f+c =0
13-6g+4f+c =0 (i)
For C(3,—-4)
(3)° + (-4 +29(3) +2f (4)+c = 0
9+16+6g—8f+cC =0
25+6g—-8f+c =0 (iii)
Subtracting (ii) from (i) & (iii) from (ii)
61+ 10g+12f+c= 0 13- 6g +4f +c =0
_13$ 6g, 4f ,c=0 _25i69$8fic:O
48 +16g + 8 f =0 -12-12g+12f =0

6+2g+f=0... (iv) (Dividingby8) 1+ g-f=0 ... (v)
Adding (iv) & (v)
6+ 29+ f

1, g_f

0
0
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7 + 39 =0
g = % Putin ......... (v) 1—%—f =0
3-7
3 = f
-4
3 = f
Put in (ii)
-7 -4
t-6()ra[F)re =0
13+14—13—6 +c =0
—65 . :
65+3c = 0 |c = 3 substitute all values in (1)
—7 -4 65
x2+y2+2(?)x+2(?)y—? Eel
14 8 65
2 2 =" = = 8
X“+y' - FX-3yY -3 =0 Ans

Q.4: Ineach of the following, find an equation of the circle passing through
(@) A3, -1) B(0, 1) and having center at 4x -3y -3= 0
Solution:
We know that General equation of circle is
X¥+y +2gx+2fy+c = 0 (1)
ForA(3,-1) (3% +(-1)*+2g(3) +2f(-1) +c
9+1+6g-2f+c =
10+6g—-2f+c =
For B(0, 1) (02 + (1) +2g () +2f (1) +c =
1+2f+c =

(i)

O O O O o

(i)
Subtracting (ii) from (i)
10+ 6g— 2f +¢c=0

1,09, 2f  c=0

9+ 6g-4f =0 (i)
Since center (—g, —f) lies at 4x — 3y — 3 =

0
we have 4-9)-3(-H-3 =0
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—4g+3f-3

1
o
=

<
-
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Multiplying equation (iii) by 3 and (iv) by 4 and adding
27+18¢g- 12f = 0
_12-16g  12f = 0

15+ 2g =0
29 = 15

g = _715Putin(iii)

9+6(_2£)—4f= 0
9-45-4f =0
—36 = 4f

_ Putin (||)
1+2(-9)+c
1-18+c =0 c = 17

Substitute values in (1)
x2+y2+2(_2£)x+2(—9)y+17
X2 +y*+— 15x—18y + 17

] 1
o o

ADnS.

(b) A (-3, 1) with radius 2 and centerat 2x -3y +3 = 0
Solution:
With center (h, k) and radius r, we know equation of standard form of circle is

(x —h)* + (y - k)° r

ForA(-3,1) (-3-h>+(@1-k? =
9+h®+6h+1+k®*-2k-4 = 0
h®+k®+6h—-2k+6 = 0 (i)

Since center (h, k) liesat2x -3y +3 = 0
2h-3k+3 = 0

=> h = —3k2_3 (ii)

Put in (i)

k — 3)2 k—
(—323) + K+ 6(—323)—2k+6: 0
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ok*+9-18k

4 +k?+9k-9-2k+6 = 0
Ok>+9 18k +4k>+36k-36-8k+24 = 0
13k + 10k — 3 = 0
13k®+13k-3k-3 = 0
(13k-3) (k+1) = 0
3
k= -1 K = 13
Putting k =—1in (ii) . 3 .
3(1)- 3 Putting k = 13 N (i)
T (2)-5
_ _—3_3 h - L
- 2 - 2
6 9
= 2 R
= -3 - 2
Required equation of circle _9-39
(x+3)°+(y+1)*=4 26
15\ 32 1§ =N
(X + 1—3) +(y — E) = 4 Ans. o 26
_—15
r 13

(© A(5, 1) and tangent to the line2x -y -10=0at B (3, - 4)
Solution:

We know that General Equation of circle is x? + y* + 2gx + 2fy +c=0  (l)
ForA(5,1) (5)*+ (1)*+29(5) + 2f(1) + ¢ =0

25+1+10g+2f+c =0
26 +10g + 2f +¢c =0 Q)
For B (3,—4) (3)*+ (-4)*+29(3) + 2f(—- 4) + ¢ =0
9+16+6g—8f+cC =0
25+6g—-8f+c =0 (i)

Subtracting (ii) from (i)

26+10g+ 2f +c =0
25+ 69 8f +tc =0
1 +4g+10f =0 (i)
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f+4 + (f—4) f—4

m; = Slopeof BC = ~03 - TG+ _ 073
— coeffici f
m, = Slopeofline2x-y-10 = 0 is C((:)(()e(lifi::(i:(le?]rt]to? yX
2
A (51
¢ (-9,-f)
2xy-10=0 B (3,-4)

Since lines are perpendicular
So mi mp = -1

f-4

g + 3 X 2 = -1

2f — 8 = g ! 3

-5+ g+ 2f = 0 (lV)

Now solving (iii) and (iv)
Multiply equation (iv) by 4 and subtracting from (iii)
1+4g+ 10f =0
F20+4g+ 8f =0

21 + 2f =0
f = —22—1 Putin (iv)
-5+g¢g +2(%) =0
-26+g9g = 0 g = 26 Putting values of g & f in (i)

21
26+10(26)+2(7) +c =0

26+260-21+c = 0
lc = —265]|
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Substitute all values in (1)

X2+ y? + 2(26)x + 2 (_ijy—265 =0
X2 +y* + 52x — 21y — 265 =0 Ans
(d) A (1,4),B (-1, 8)and tangent to the linex +3y—-3= 0
Solution:
We know that standard form of an equation of circle is (x — h)? + (y — k) = r? (l)
For A (1, 4) L-hyP+@E-k> = r* ()
For B (-1, 8) ((1-h?+@B-k?> = _r* (i
Subtracting (1-h?-(=1-h?+@-k>-(8-k? =0
1+h°—2h-1-h"—2h+16+k*-8k—-64—k* +16k= 0
~4h+8k-48 =0 => —4(h-2k+12) =0
=> h-2k+12 = 0
h = 2k-12  (iii)
AL
B-1 8
ahk
X+3Y-3=0
Since Circle (1) is tanget to the linex +3y -3 = 0
By perpendicular distance formula
i : 1(h) +3k-3
V@ + (3 )
h+3k-3 . h+3k-3
ro= 0 squaring r? = KTL (A)

10 r? h? + 9k? + 9 + 6hk — 18k — 6h
Using (ii)
10[1+h?~2h+16 +k*—~8k] = h®+9k?+ 9 + 6hk — 18k — 6h
10 + 10h® — 20h + 160 + 10k? — 80k — h® —9k* — 9 —6nk + 18k + 6h = 0
Oh? +k*-14h—62k — 64k +161 = 0 (iv)
Using (iii) in (iv) we have
9(2k — 12)? + k> —14(2k — 12) - 62 k — 6k (2k —12) + 161 = 0
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36k% + 1296 — 432k + k*— 28k + 168 — 62k — 12k* + 72k + 161

25k* — 450k + 1625 = 0
25(k* — 18k + 65) = 0
k?- 18k +65 = 0
(k-5)(k-13) = 0
k=5 = 13
If k =5 If
h = 2(5)-12
= 10-12
= -2
Putting values of h and k in “A”
~2+15-3Y
2 = ( ” ) 2
2
o= %%L = 10 r*
Required equations of circle are
(x+2)>+(y—5)%*= 10 and

(x —14)% + (y - 13)?

0

13

2(13) - 12
26 12
14

(14 +39— 3)2
10

250 Ans

Q.5: Find an equation of a circle of radius a and lying in the second quadrant such

that it is tangent to both the axes.

Solution:

c(-a,a)

4

, y-axis

/

X/

As the circle is in 2™ quadrant and it is

o X-axis

tangent to both the axes.

Therefore its center is (—a, a) and radius is a equation of circle by standard form is

(x—h?+(y—k?= r*
(x+a)’+(y—a)’= a°
X2 +a?+2ax +y* +a’—2ay — a
X2+ y? + 2ax — 2ay + a°

Ans
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Q.6: Show that the lines 3x — 2y = 0 and 2x + 3y — 13 = 0 are tangents to the circle
X2 +y*+6x—4y= 0.

Solution:
=2
d
> ¢
3Aro0
Givencircleis x* +y* +6x —4y = 0
Centeris(—g,-f) = (-3,2) (-29=6, 2f = -4

Radius = \[o?+f?—c = 0+4 =413

The given two lines will be tangent to the given circle, if we find distance from
the center of the circle to the given lines and it will equal to the radius of circle.

Q) Now bg perpendicular distance formula for line 3x -2y = 0
d = laxy + by + ¢
- \JaZ + b?
_ B(=3)-2(2)
VB + (-2
. -9-4
= N,
_ L1
JRNCE
13

= ﬁ = \/1_3
Which show that

Hence 3x — 2y = 0 is tangent to circle.
(i) Now we will take the second line
2x+3y-13 =0

=2

2434130
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q _ [2(=3) + 3(2) — 13|
V@ +(3)
_ |-6+6-13
= \/1_3

|13 13

Which is equal to radius 2x + 3y — 13 = 0 is also tangent to given circle.

Q.7:  Showthatthecirclesx’? +y*+2x-2y—7 = Oand x> +y? - 6x +4y + 9 =0
touch externally.
Solution:
Given circles are
XC+y +2x—2y—-7=0 and  X°+y —6x+4y+9=0
Center = Cy1= (-1,1) center = Cy= (3,-2)
Radius = 1 = \/1+1+7 =19 =3 Radius = 1, = \[9+4+9 = [4=2
The two circles will touch each other externally if ry + r,= |Cy Cy
Note:
The two circle touch externally if their centers distance is equal to sum of their radius.

3+2=1/B+1) +(-2-1)
5 = \16+9 => 5=5 Hence proved.

Q.8: Show that the circles x* + y* + 2x —8= 0and x> +y*—6x + 6y —46 = 0 touch
internally.

Solution:

Given, circles are
X°+y*+2x+0y—-8 =0 and X°+y’ —6x+6y—46 = 0
Center C; = (-1,0) Center = C, = (3,-3)
Radius = r; = 1/1+0—(-8) Radius = r, = /9 +9— (—46)
= 1+8 \J9+9 + 46
= /9 \/64

I’1:3 I'2:8
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Recall
Two circles touch internally if their centers distance is equal to difference of their radii.

The two circles will touch internally
if fh — I = |C1 C2|
8-3 =+@B+1)°+(-3-0)°
5 = \/16 +9
5 = 25
5 =5
Hence proved.
Q.9: Find equation of the circle of radius 2 and tangent to the linex-y—-4 = 0 at
A(l, - 3).
Solution: Let (h, k) be center of circle with radius 2. Equation of circle by standard
formis (x —h)?+(y—k)? = r* (I
ForA(1,-3) and r=2 ()  becomes
(1-h?+(3-k? = 4
1+h*-2h+9+Kk*+6k—4 = 0

h+k*-2h+6k+6 =.0 (i)
Slope of line x—y—-4= 0 IS
_ —coefficientofx 1
My = coefficientofy ~— ~ -1
m, = 1
QRN
C
r=2
A3

Slopeof AC = m, = p—

Since lines are perpendicular so
mm, = -1
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k+3
1x ho1 - -1
k+3 = -h+1
k = -h-2 Put in (i)

h®+(~h-2)2 —2h+6(-h-2)+6
h’+h®’+4+4h—-2h—-6h—-12+6
2h*—4h-2 =0
h’-2h-1 =0

—(£2) £ N(2)" - 41)(-D)
2(1)

h

h
At h = At
k At
k =
Equations of circles are
(x-1-2)+(y+3-\2)°= 4 &

Tangents

=0
=0

142
SRR
_3+\/§

(X—1+2)°+(y+3-12)* = 4

A tangent to a curve is a line that touches the curve without cutting through it.

Lety=f(xX)orf(x,y)=0

dy
dx

Normal

is slope of tangent at any point P (X, y) to the curve.

The perpendicular to the tangent line is called normal to the curve.

Note

Slope of normal is negative reciprocal of slope of tangent.





