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EXERCISE 6.2

Q.1: Write down equations of the tangent and normal to the circle.
(i) x*+y* = 25 at(4,3)
(Lahore Board 2011)

Solution:
X2+ y? = 25
X+y*-25 =0
Compare it with
XC+y*+2gx+2fy+c = 0

=> g¢g=0, f=0,c=-25
Equation of tangent line is
XXy + YY1+ g(X +X1) +fly +y1) +¢c=0
4x+3y+0+0-25 =0
|4x + 3y —25 = 0|
Equation of normal line is
(Y-y) Xa+9) = (X—X1) (Yo +1)

(y-3)(4+0)= (x-4)(3+0)
4y —12 = 3x=12
3X—-4y-12+12 = 0
3x—-4y=0

(b) x?+y?=25at (5¢os 0, 5sin 0)
Solution:
Equation of tangent line is
XX1+yy1 +g(x +x) +fly +y;))+c = 0
5c0s0x+5sin0y+0+0-25=0
5c0s0x+5sin6y—-25=0
5(cosOx+sinby—-5)=0

|xcose+ysine—5 = 0|

Equation of normal line is

(Y—y1) (X1 +0)
(y—5sin0) (5cos 6 +0)

(X—X1) (y1 + 1)
(x—5co0s0) (5sin 6 +0)
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5c0s0y—25sin0cos® = 5sin Ox —25sin 6 cos 6

5sin Ox —5cos By =0

|xsin6—ycose = 0|

(ii) 3x*+3y?+5x—13y+2=0 at (1,%)

Solution:
3x*+3y? +5x—13y+2=0

13 2)

5
3(x2+y2+§x—?y+§ =0

WIN

5 13
Xty +gx—Zy+z =0

Compare it with
X2 +y*+2gx+2fy+c = 0

=> Zg: , 2f:_3£,

—+13

9=5.f=75

ool wlol

: 10
Equation of tangent at (1, 3)

XXy +yyr +g(x +x) +fly+y)+c =0
10 5 13, 10, 2
X+ y+ex+) - (y+3)+3=0

Jw 5 .5 18 65 2
X¥ 3 Y X" "6 Y 973"~

18x + 60y + 15X +15-39y —130+ 12 -0

18

| 33x + 21y — 103 = 0|

2
CFes

Equation of normal
(Y—y) (e +09) =(X—X1) (1 +1)

v-5)+g)= 00 (35)
56600 (%)
11y—% = 7xX-7
QELMO =7Ix-7

33y—110 = 21x-21
21x-33y—-21+110 = 0

[21x — 33y + 89 = 0]
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Q.2: Write down equations of the tangent and normal to the circle 4x? + 4y* —

16x +

24y — 117 = 0 at the points on circle whose abscissa is —4.

Solution:
Given

4%+ 4y* —16x + 24y —117 = 0
To find “y” put x=—4in(l)

4(—4)* + 4y* — 16(-4) + 24y — 117

64 + 4y* + 64 + 24y — 117
A% + 24y + 11
4y* + 22y + 2y + 11
2y 2y +11) +1 (2y + 11)
2y +11) 2y +1)
2y+11 = 0

-1
y =2

0
0
0
0
0
0

2y +1

~ 1l

_ =1
-2

y

Thus the points on the circle are (— 4

117
4(x2 +y?—4x + 6y—T)
117

Xty —dx+by-"3= =0
Compare it with
X¥+y +2gx+2fy+c =0
29 =-4 , 2f=6, c
g=-2 , f = 3

Equation of tangent at (— 4, — )

xx1+yy1+g(x+x1)+f(y+y1)+c—0

1 117
—4x—§y—2(X—4)+3( 2)
3 17 _

4x—F 2x+8+3y -5y =

—16x—2y—8x+32+12y 6-117

4
—24x + 10y -91 0
—(24x-10y+91)= 0

[24x —10y+91= 0]

at=-4
=0
)&( 4, )
-1k i
-4
Equation of normal at (— 4, =~ )
(y—yl)(x1+g)=(X—x1)(y1+f)
-0 (y+%) (_4_2):(X+4)(_71+3j
1 5
(v+3) co=ora(4)
5x + 20
0 -by-3 = >
—12y—-6 = 5x+20
5x +12y+20+6=0
|5x + 12y + 26 = 0|
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~11 -11
Equation of tangent at (- 4, T) Equation of normal at (— 4, T)
XX1+yy1 +g(X + X)) +fy +y;) +¢= 0 (Y—y1) (X1 +9) = (X=x1) (yr + )
11 11 117 11 —11
—4X—7y—2(X—4)+3(y—?)—T = (y+7)(—4—2):(x+4)(7+3)
11 33 117 11 -5
—AX-5y-2x+8+3y-% -, =0 (y+?)(—6):(x+4)(7)
_ _ _ + + _ _ _ _
16x — 22y —8x + 32 + 12y — 66 — 117 -0 _Gy_33 = 5x—20
4 2
—24x—-10y—-151=0 -12y-66 = —-5x-20
—(24x +10y +151) =0 5x —12y-66+20 = 0
[24x + 10y + 151 = 0| |5x —12y—46 = 0|

Q.3: Check the position of the point (5, 6) with respect to the circle.
(i) X2 +y?=181
(Lahore Board 2009, 2010)
Solution:
Given X*+y* -8l =0 i 0)
Put (5,6) in L.H.Sof (I)
(5)* + (6)° — 81
25+36-81
= -20<0 (—ve)
then (5, 6) lies inside the circle.
(ii) 2X°+2y* +12x-8y+1 = 0
(Lahore Board 2011)
Solution:
Given 2x*+2y* +12x—-8y+1= 0 ........... (1)
Put (5, 6) in L.H.S of (i)
2(5)* + (6)*> + 12 (5) — 8(6) + 1
50+72+60-48+1
= 135>0  (+ve)
Then (5, 6) lies outside the circle.
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Q.4: Find length of the tangent drawn from the point (- 5, 4) to the circle 5x* + 5y?

-10x+15y-131 =0
(Lahore Board 2009)
Solution:
Given 5x*+5y*—10x+15y—131 = 0
Dividing throughout by 5

131
X4y —2x+3y—"-= 0

X +yi” +2gxg + 2fy; + C)
\/ (-5 + (@) 2(-5) + 3(4) ~ -

\/25+16+10+12—%
/ 131

= 63 — 5

a 315-131

- 5
/18

= 5 ADnS.

Q.5: Find the length of the chord cut off from the line 2x + 3y = 13 by the circle

Length of Tangent

S

X2 +y% = 26.
Solution:
Given line 2x+3y = 13 ... (i)
Circle is XX+y = 26 ... (ii)
. 13-2
From(@i) vy = 3 X (iii)
Put in (ii)
_ 2
2+ (133 2x) - 6
169 + 4x* — 52
X + g)a( X = 26
Ox? + 169 + 4x*—52x = 236

13x*-52x—65 = 0

X*—4x-5= 0 (Dividing throughout by 5)
x> —5x+Xx-5= 0

X(x-5+1(x-5) =0
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x-5x+1)=0
X =5 Xx=-1

Ifx =5 =y = 13_325 andifx=-1 y = 13_5_1
_13-10 _13+2 15
y =73 y="3 =3
3 =5
y :5 =1 y

Hence points of intersection are A (5, 1) & B (-1, 5)
Required Length of chord = |AB| = /(-1 -5)° + (5—1)°
\/36 + 16

= /52

=2 \/1_3 Ans

Q.6: Find the coordinates of the points of intersection of line x + 2y = 6 with the
circlex?+y*—2x-2y—-39 = 0
Solution:
Lineis X+2y = o Rl e T RER (1)
Circleis Xx°+y*—2x—-2y—39 = 0 = .. (i)
From(@{) X = 6-2yjl B %, &7 ) (iii) Put in (ii)
(6—2y)* +y>—2(6 —2y) —2y—39
36 + 4y* — 24y + y? — 12 + 4y — 2y ~ 39
5y? — 22y —15= 0
5y? — 25y + 3y — 15 0
Sy(y —5) +3 (y—9) 0
= y-5=20 5y+3 =0

1l |
o O

I
(6]
Ro

y
if y =5 X
X = 6-10
X = -4

y ==
6-2(5) (By iii)

ify = % X 6-2 (_5—3j (By iii)
_ 36
5
Hence points of intersection are

X:6+g = X
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36 —3
(-4,5) & (g , ?)
Q.7 Find equations of the tangents to the circle x* + y? = 2
(i) Parallelthex—-2y+1=0
Solution:
Let required tangenty = mx + ¢ — (i)
Givencircleisx?+y* = 2 => r* =2
Givelineisx -2y +1 0
cofficient of x

Slope of line = M= ~"coefficient ofy - T

ADnS.

non
ol
I

N

N[

Since the tangent line is parallel to this lineso m =

We know that condition of tangency for circle is
¢ = rFL+m)

1
¢ = 2 (L+y)

y =

2y
X—2y+ \/f) = 0 Required equations of tangent.
(i) Perpendicular to the line3x+2y = 6
Solution:
Givencircle x*+y* =2 => > =2
Givenline3x+2y = 6
— coeff of x
= +coeff of y

|
N W

Slope of line

=m

wWIN

. . : - : : -1
But since tangent line is perpendicular to this line so its slope will be = "=

We know that condition of tangency of circle is



Mathematics (Part-11) 568 (Ch. 06) Conic Section

2
¢ = rr@+mb)
4
¢© = 2 (L+g)
13 26
2 — == - £=
c = 2 (9) =79
_ L\
¢ = =73
2X +1/26
y = X—3 => 2x—3yi\/2_6 =0 Ans.
Required equations of tangents are
y = mx+c
2 26
2X_* /26
y = 3
2X -3y * \/Ei =0 Ans

Q.8: Find equations of tangent drawn from
(i) (0,5 to X+y> = 16
Solution:
Given circle x> +y? = 16
= r* =16 r = 4 & Center (0, 0)
Let the tangent drawn from the P(0, 5) point (0, 5) to the circle touch circle at
point (X, Y1)

Given circle becomes ACG Y1)
X12 + y12 = 16 (l) I
-5 -5 o 4
Now m; = Slopeof PA = ii_ > = Yle =
aoco
_ _ -0 _wn
m; = Slopeof CA = -0 " x
Since two lines are perpendicular -»  myxmp;= -1
yi=95 R
X1 X1
yi’=5y1 = —x°

xi°+y’ = 5y1 (2)
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16 = 5y; (using 1)
16 .
=> yi =g Putin (2)
256 16
2,290 _ =9
X"+ =5 (5)
256
X2 = 16— o5
2 400 — 256
X = 25
_ 14 . _ 12
25 B 1= =g

. 12 16 -12 1
We have two points (— , —) & (—,g

5

. -5 12 16
Now m; = slope of line PA = S at (— —)

Now m;

X1 5°5

16
5 °

12

5
16 - 25

> i~ >3

12 Ewa—

5

. . (12 16
Equation of tangent at point | =, &

Y-\

16
Y='5
Sy—-16

5
20y - 64
15x + 20y

Next, m

-3 (21

m (X — X1)
-3 12
72 %=7%)
4 5

—15x + 36
100 Ans.

_ . (—12 16
Slope of line PA at point (? , gj
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_ _16-25 -9
M =""12 = "12 = -12

_ 3
"4

, : 2 16). .
Equation of tangent at point T .5 lIsgiven by

16 12
/28
5y—6 (5x+12)

5
15x + 36

5
100 = 0 Ans

20y-—64
15x — 20y

(i) Find equation of tangents drawn from (1, 2) to the circle x? + y* + 4x + 2y=0.

Solution:

Given X°+Y* +4X+2y= 0 e, (1)
4 2
Center = (_5 , 3) = (-2,-1)

Let tangent drawn from (-1, 2) to the circle touch the circle at the point (x1, y;) then
() becomes

MAlw MW

=+

X12 + y12 +4x, + 2y1 = Oy, ... . (2)
_ — T

m; = Slope of PA = X + 1
- _ ntl

m, = Slopeof CA = X + 2

Since two lines are perpendicular so

mm, = -1

yi-2 yit1l

=1

X1 +1 x X1+2
y12+y1—2y1—2: —(X12+3X1+2)

Vloyi -2 +x°+3x+2 =0

XC+ Y2 -3— y1 =0 (3)
X2+ yP+Ax £2y; = 0 (By using - 2)
-X1-3y1 =0
= X3 = -3y1 (4) Putin(3)

9y, 2 +y’ =9y —y; = 0
10y;2—10y; = 0
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10y1 (y1-1) =0

= y1 =0 : y1=1

If yy =0 X1 =0 (Using-4)if y; =1,%x; = -3

Required points of tangency are (0, 0) & (-3, 1)
At Point (0, 0) At Point (- 3, 1)

—2 1-2 -1
m; = Slope of (PA) = B =-2 m; = Slope of (PA) = "3+l -2
Equation of tangent at point (0, 0) Equation of tangent at point (— 3, 1)
y-y1 = mX-xi) y-Yy1 = m(X—Xy)
§ 0 : _3(: 0 y-1 = %(x+3)
2x+y =0 Ans 2y—2 = x+3
X—2y+5 =0 Ans

Q.8 (iii): (-7,-2) to (x+1)*+(y—-2)* = 26
Solution:

Givencircle (x+1)%+(y—-2)% = 26
Center = (-1, 2)

Let tangent drawn from point (— 7, — 2) to the circle touch it A V)

at point (X1, y1).

Given circle becomes
(xa+1)*+(y1-2)° = 26

Xi2+ 1+ 2% +y° +4 -4y, —26 =0 R-7-2
X2+ y 2+ 2% —4y;—21 = 0 ... (i)
Now m; = Slope of PA = % m, = Slopeof CA = 3&%
Since lines are perpendicular
So mm, = -1
w+7 X x+1 -1
yiP—4 = —x?—8x,—7
X2+ Y2 +8xi+ 3 =0 o, (ii)
Subtracting  _x.2+ y2+2x, 72154y, = 0
6x;+4y; +24 =0

4y1 =_—24 - 6Xq
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— 2 (12 + 3xy)
yi =7 4
_ —(12+3X1)
- 2
Put in (ii)
12 + 3x,)?
X2 o+ §—41L +8x+3 = 0
144 + 9x,° + 72
X2+ % X1 1 8x,+3 =0
4

A%2 + 144+ 9X 2+ 72, +32x;+12 = 0

13x,° + 104x, +156 = 0

13(X,2 + 8xy + 12) =0

X2+ 8%y + 12 0

X2+ 6X +2X;+12 =0

(X1+ 2)(X1+6) =0 = X;= 2 & Xy = —6
. 3(-2)+12 ~6+12
|fx1=—2;y1:—( 2 ): _( > ):_3
. 3(-6) + 12 ~18+12
if x;= -6 ; ylz—( > j = —(T):3

Then points of tangency are (-2, 3) & (-6, 3)

At Point (- 2, - 3)

—3+2+1 -1
m; = Slope of PA = _3+7 =5
Equation of tangent at point (— 2, — 3) is
y-yr = m(X—Xq)
-1
y+3 =75 (x+2)
S5(y+3) = —(x+2)
S5y+15+x+2 =0
X + 5y + 17 =0

At Point (-6, 3)

m; = Slope of (PA) = —36++27 :% =5
Equation of tangent at point (- 6, 3)

y-yr = m(X—Xq)

y—-3 = 5(Xx+6)

y-3 = 5x+30

5x—-y+33=0 Ans

Q.9: Find an equation of the chord of contact of the tangents drawn from (4, 5) to
the circle 2x* + 2y? —8x + 12y + 21 =0

Solution:
Given 2x*+2y*—8x+12y+21=0
Dividing throughout by 2
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21
X +y —dx+6y+= =0

Now Let points of contact of the two tangents be p (x, y1) Q, X2, y2) An equation of
the tangent at p(xy, y1) IS

R4, )
@ Y)
XX +yyr +g(X+x) +fy+y))+c=0 ... 1)
Since (-g,-f) = (2,-3)
g = -2 f =3 Putin |
21
xx1+yy1—2(x+x1)+3(y+y1)+7=O ............ 2

Since it passes through (4, 5)
21
4x1+5y1—2(4+x1)+3(5+y1)+7 =0

21
4X1+5y1—8—2X1+15+3y1+7 =0

21
2X1 + 8y1 +7+ ? = 0
4x, + 16y1 +14 +21 = 0
4%, + 16y; + 35 = 0 (i)
Similarly for point Q (X2, y»), we have
4%, + 16y, + 35 = 0 (i)

(i) & (ii) Show that both the points P(x1, y1) & Q (X2, ¥2) lieon 4x + 16y + 35=0
and so it is the required equation of the chord of contact.

EXERCISE 6.3

Q.1: Prove that normal lines of a circle pass through the center of the circle.
(Lahore Board 2009)

Solution:
Let us consider a circle with center (0, 0) and radius r.
Therefore equation of circle is






