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EXERCISE 6.4

Q.1: Find the focus, vertex and directrix of the parabola. Sketch its graph.

(i) y*= 8x (Gujranwala Board 2007)
Solution: X+2=0 )
y2 = 8X y =8x
As standard form is
y2 = dax
4a = 8 => = 2
Focus = (a,0)= (2,0) .
Vertex = (0,0)= (0,0) V(0, 0) F(2, 0)
Directrix x = —a
X = =2
= x+2=20
(ii) X2 = —16y
Solution: y - axis
x> = —16y
As standard form is y=4
X = —day
=> —4a=-16 = vertex (0, 0) _
a = +4 o X-axis
Focus = (0, —a)
Focus = (0,—4) X'=-16Yy
Vertex = (0, 0) ? F(O -4
Directrix 'y = a
y = 4
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(i)  x*= by

Solution: A Yy-axis
X2 = By 2

As standard form is X =5y

2 _
X" = day 1 F 0,50

da= 5 => a:%

/I - i
X € > X-aXIS

08 =02 V0.0

Vertex 0, 0)
Directrix 'y = —

Focus

NI I
<

I

NN

y:_

(iv) y*= —12x
Solution: Y = 12x y=axis x=3
y? = —12x
As standard form is
y? = —dax
dJa= 12 = Ja = 3
Focus = (—a,0) = (=3,0) < . 5
Vertex = (0, 0) X F(-3, 0) V(0, 0)
Directrix X = a
X =3

S
S
7

(v) X' = 4(y-1)
Solution:
X2 = 4y-1)
(x=0)% = 4y-1) e, (1)
Let x-0= X, y-1=Y
(1) Becomes
x> = 4Y
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As standard form is
2

y-axis

P F (O, 2)

V(0, 1)
X-axis

X = day
da =4
Focus = 0, a)

X Y) =(01)
(X!y - 1) = (O! 1)
x=0 y-1=1
Xx=0 vy =2
Focus = ©, 2)

For the vertex put X = 0,

x-0=020 , y
x =0 , y
Vertex =
Directrix Y =-a
y-1 =
y =-1+1
y =0
(vi) y*= —8(x-3)
Solution:

y' = -8(x-3)

(0,0)

o o
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(y-0)* =
Let y-0= Y,
(1) Becomes

Y2 = —8X

As standard form is

Y2 = —dax

4a= 8

—8(x—2)
Xx-3= X

(0, 0)
\ 4

V(3, 0)

\ 4

><\/\

F (1, 0)

/

v
Focus =
X, Y)
(X_31 y—O) (_21 0)
Xx-3 =-2, y—-0=0
X =-2+3 y =0
X =1 , y =0
Focus = (1,0)
For the vertex
Put X=0Y-=
x-3=0 ,
X =3 ,
Vertex = (3,0)
Directrix X =a

(_ a, O)
(_ 21 0)

0
y —0=20
y =0
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Xx-3=2
X =95
(vii)  (x-1)*> = 8(y + 2) (Lahore Board 2009)
Solution:
(x-1)° = 8(y+2) 0]
Letx-1= X , y+2=Y
(i) Becomes X?> = 8Y
As standard form is
x> =  day
4da = 8
a = 2
Focus = 0, a)
X, Y) = 0, 2)

(X_11y+2) = (0!2)
x-1=0, y+2=2

y-axis
A

SOF(l, 0)

V(1, -2)

X-axis

y=4

x =1, y= 2 -2

x =1, y= 0

|[Focus = (1,0)]

For the vertex put X=0 , Y =0
x-1=20 , y+2=20
x=1 , y = -2

[Vertex = (1-2)|
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directrix Y = a
y+2= -2
y = -2-2
y = -4
(viii) y = 6x*-1
Solution:
y = 6x°-1
6x° = y+1
2 1
X =5+)
2 1 -
= (x-0) = g(y+l) ........ (1)
Llet x-0 = X y+l=Y
. 1
() Becomes X° = &y
x> = day
As standard form is
1 1
4a = 5 T HRKMH
Focus = 0, a)
1
X, Y) = (0,54)
1
(x-0 ¥+ = 0,5)
1
x-0=20 , y+1 24
1
X =0 , y = 24 1
_ =23
y 24
— 23
F=07%)
For the vertex
Put X =0 , Y=0
x-0=20 , y+1=20

X =0 , y = -1
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|Vertex = (0,—1)]
Directrix Y = —a
1 -25
y+ 1 =— ﬂ y = — ﬂ -1 = 2— =y
N
(0,0)
) N Fo-)
24
¢ V(0,-1)
& ‘ S
14
1 24
v

(iX) x+8-y*+2y= 0
Solution:
X+ 8-y +2y=
Y -2y = x+8
-2y + 1
(y-1)° = x+9
Let y-1=Y
(i)  becomes
Y? X
As standard form is
Y 4ax
4a

0

FNYTEN RN

(Lahore Board 2011)

X+8+1

(i)

X+9= X
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(Lahore Board 2011)

Focus = (a 0)
1
X Y) = (7.0
1
(X+9! y_l) = (Z!O)
1
x+9= 7, y-1=0
1
X =72 -9 y =1
_ =3
X =g
-35
Focus (4 , 1)
For the vertex put X=0 , Y =0
x+9=0 , y-1=20
X = -9 , y =1
Required [Vertex = (-9,1)]
Directrix is
X = —a
X+9 = —%
1
X =-9-7
_ =3
X = 7y
(X) X*—4x-8y+4 =0
Solution:
X2—4x=8y—-4 = 0
X2—4x+4 = 8y—4+4
(x-2%* =8y ..
Let x-2 = X y-0

(i)  becomes
x> = 8Y
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As standard form is
2

X = day

4da =8

a = 2
Focus = (0,d)
(X,Y) = (02

x-2,y-0) = (0,2
x-2=0,y-0=2

X =2 , Yy =2
|[Focus = (2,2)]
For the vertex T
Puu X=0, Y=0 y-axis :
N
X,Y) = (0,0 I
|
x-=2, y-0) = (0,0 I
Xx-2=0 ., y-0=0 :
k=2 . y=o N7
|
[Vertex = (2,0)] < . >
o X 0,00 ' V(2 0) x-axis
Directrix = —-a :
y-0=-2 < : >
y=-2
= _2 :
I
|
v

Q.2: Write an equation of the Parabola with given elements.
(i) Focus (-3,1); Directrix x = 3

Solution:
Given F=(31)
& directrix x+0y—-3 = 0

Let P(x, y) be any point on the Parabola. Then |PM| = Length of Perpendicular from
P(x, y) to the directrix L.
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PM| _ X +0y—3
(D)7 + (0
By definition of Parabola
|PF| = |PM|
or |PFF = |PMP

=> (x+3)°+(y-1)° = (x+0y-23)’
X*+9+6x+y’+1-2y = x*+9-6x

yo-2y+1 = 12
(y— 1) = —12x Ans.
(i) Focus(2,5) ; directrix y =1
Solution:
Given F = (2,5)
directrix Ox+y-1 = 0

Let P(x, y) be any point on the Parabola.
Then |PM| = Length of Perpendicular from P(x, y) to directrix
vy = 2yl
AJ(0) + (1)?
Now, by definition of Parabola
PF| = |PM]
=> [P = |PM[’
(x-2)° +(y-5° = (y-1)’
X2+ 4 —Ax+y*+25-10y = V2 +1-2y
X*—4x—-8y+28 =0 Ans

(i) Focus (-3,1) ; directrixx—-2y—-3 =0
Solution:

Given Focus (-3,1)

directrix X-2y-3 =0

Let P(X, y) be any point on the Parabola

Then |PM| = distance or length of Perpendicular from P(X, y) to the directrix.

PM| = X—-2y—-3 _ (x=2y-3)
N+ (2 \5
By definition of Parabola
IPF| = |PM| => |PFP = |PMP

A T R (-
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5[x*+9+6x+y* +1-2y] = x*+4y*+9—4xy + 12y —6x
5x% + 45 + 30x + 5y° — 10y — x> — 4y* — 9 + 4xy — 12y + 6x = 0
Ax% + Y2 + 4xy + 36X — 22y + 36 = 0 Ans.

(iv) Focus (1, 2); Vertex (3, 2)

Solution:
Given Focus =(1,2) , Vertex = (3,2
We know that a = distance between focus & vertex

a = \B-17+(2-2° = \4+0 =2
Required equation of Parabola
(y-k)* = —4a(x—h)
(y-2)° = -4(2) (x-3)
Y +4— 4y= —8x+24
y? —4y+8x-20= 0  Ans.
(v) Focus(-1,0) ; Vertex (-1,2)

Solution:
F=(-10 , Vi = (51,.2)
a = distance between focus to vertex

VEL+ )P+ (2-07 0 = 2
Required equation of Parabola is
(x—h)* = —4a(y-k
(x+1)° = —4@2) (y-2)
X°+1+2x= —8y+16

X°+2x+8y—15 =0 Ans.
(vi) Directrixx=-2 ; Focus (2, 2)
Solution:

Given F = (2, 2) directrixx +0y+2 =0

|[PM| = distance or length of perpendicular from p (X, y) to the directrix.

pvj = XA
17+ 07

By definition of Parabola

IPF| = [PM|

= |PFP = |PMP

=  (x-2°+(y-2° = (x+2)

X+ A —Ax+y +4-4y = XP+4+4x

y’—4y-8x+4 = 0  Ans
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(vii) Directrix y=3; Vertex (2,2)
Solution:

Directrixox +y—-3 = 0 V = (2,2
We know that a = distance between directrix and vertex
_@+12 -3 _ 2-3 _ 1]=1

- @ \J07 + 12 1
Since the directrix is above the vertex,
Therefore equation of Parabola is (x — h)? =— 49 (y—Kk)
(x—2)*=-4(1) (y-2)
X2 + 4 — 4x
X2+4—4x+4y-8
X2—4x+4y—4 = 0

—4y +8
0
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(viii)  Directrix y = 1, Length of latusrectum is 8.0 and opens downward.

Solution:

Given 4a= 8 a = 2

As Parabola opens downward, so its equation is of the form
(x—h¥?=—4aly—kK) ......... (1)

We know that vertex is below the directrix y =1

So y — coordinate of the vertex is=y + a

1 =y+2 = y=-1 ie; |k=-1
witha=2 & k=-1 equation (1) becomes
(x—h)’ = -4(2) (y+1)
x? + h% - 2hx = —8y—8
x*+h?-2hx+8y+8 = 0 Ans.
(ix) Axisy=0,through (2,1) & (11, -2)
Solution:

As axis y = 0, so required equation of the parabola is (y — k)? = 4a(x — h) (1)
because of the axis of Parabola is x-axis & y=0so k=0
with k = 0 equation (1) becomes
y* = da(x—h) ... (2)
Since the para-bola passes through the points (2, 1) & (11, — 2) equation (2)
becomes

For (2,1) For (11, - 2)
1 = 4a(2-h) 4 = 4a(11-h)
1 = 8a- 4ah 3) 4 = 44a —4ah 4)

Subtracting (3) from (4) we have
4= 44a — 4ah
— 1= - 8a F 4ah

3= 36a
1
a7 1
Put in (3)
1 = 855)-455)n
1 -2 ih
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= % => 12 = 8-4h
= 4 = —4h
= |h = -1
Equation (2) becomes
Yy = 4x 1—12 (x +1)

3y = x+1 Ans.

(x) Axis parallel to y-axis. The points (0, 3) (3, 4) & (4, 11) lie on the graph.
Solution:
As axis of parabola parallel to y — axis, so its equation will be

(x—h? = 4a(y—K) e, (1)
As points (0, 3), (3, 4) and (4, 11) lies on the parabola (1) so (0 —h)? = 4a (3 — k)
h> = 12a—4ak e, (2)
For (3, 4) (3-h)? = 4a(4-k)
9+h’-6h = 16a-4ak = (3)
For (4,11)  (4-h)? = 4a(11-Kk)
16+h*-8h = 44a-4ak  (4)
Subtracting (2) from (3) Subtracting (2) from (4)
9+h?-6h = 16a — 4ak 16+h?—8h = 44a — 4ak
G = _12a 7 4ak LIk = _12a 7 4ak
9-6h = 4a (5 16-8h = 32a
82-h) = 32a
2-h = 4a (6)
Subtracting (6) from (5)
9 —6h = 4a
-2F h = -4a
7-5h= 0
=> 7 = 5h
% = h Putinb

9-6h = 4a



(Ch. 06) Conic Section

Q.3: Find an equation of the Parabola having its focus at the origin and directrix
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7
9- 6(5) = 4a
42
9- 5 = 4a
45-42 . 3 4
5 = 4a = 5 - 4a
_ 3
a = 20
Putin (2)
72 3 3
@ = 12(2)‘4(20)k
49 3% 12,
25 T 20 20
49  36-12k
25 20
196 = 180-60k
~16 (-4
60k = —16 => k_60_5
Substituting all values in (1)
-7 -l
-5 T %20/ "5
7V 4
( — g) :%(y+ gj Ans.
Parallel to
(i) the x—axis
Solution:
GivenF = (0, 0)
Directrix Parallel to x—axis
Ox+ y-h=20
Let P(X, y) be any point on the Parabola such that
|PF| = IPM]
=>  |PFf = |PMP
0x+y—h[\?
04 (v_02 = J_Ll)
(x-0)"+(y-0) (\/Iz_l_—oz

XE+y° = (y-hy
X2+y2 — y2+h2*2yh
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x*+2hy—h* = 0 Required Equation
y-axis
y=h M
P(x, y)

AR

(i) The y-axis.
Solution:
Given F = (0,0)
Directrix Parall to y — axis
Xx+0y-h =0
Let P(x,Yy) be any point on the parabola such that
IPF| = |PM|
=> PF’ = |PM[
(x—=0)°+(y—0)° =" (x+0y—h)’
X2 +y° = x*+h*—2xh
y? + 2xh — h? =0 required equation.
y-axis
x=h
™~
P, y)
M
X-axis F (0, 0)
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Q.4: Show that the parabola (x sin o — y cos a)*= 4a (x cos a + y sin a) has focus
at (acosa,asina)and its directrixisxcosa+ysina+a=0.
Solution:

Here Focus = (a cos a, asin a)
directrix M= xcosa+ysina+a =0
Let P(x,Yy) be any point on the Parabola, such that
|PF| = |PM|
= |PFF = |PMP

_(xcos o+ ysin o+ a)?
sin 2o + cos2a

X2 + a cos? o — 2ax €os o + y* + a” sin“o — 2ay sin o = X* cos?o + Y? sina + @ +
2Xy sin o €os o + 2ay sin o + 2ax cos o,

x? — x2 cos® a + y? — y? sin“a + a° (cos’a + sin“a) = & + 2xy sin o cos o + 2ay
sin o + 2ax cos a + 2ay sin o + 2ax cos a
x? (1-cos?a) + y? (1 —sin“a) +a’ — 2xy sino coso. = a° + 4ay sina. + 4ax cosa.
x?sin“a + y?cos?o — 2Xy sin o cos of = 4ay sin o +4ax cos o
(x sin o — y cos o)® = 4a(x cosa. + y sin ) - Hence proved.

Q.5: Show that the ordinate at any point P.of the Parabola is mean Propotional
between the length of the Latustrectum and the abscissa of P.

Solution:

Let P(x, y) be any point on the Parabola then the equation of Parabola is
2

(x— acosa)® + (y— asina)?

y = 4ax
y.y = 4dax
Yy _X
da Ty
X
=> 9 = ?é
= X .y oLy o 4a
=> abscissa : ordinate : : ordinate : Length of Latusrectum

Hence proved.

Q.6: A comet has a Parabolic orbit with the earth at the focus. When the comet is
150,000 km from the earth, the line joining the comet and the earth makes an
angle of 30 with the axis of Parabola. How close will the comet come to the
earth?

Solution:

Let focus be taken at origin, then F = (0, 0)
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and directrixx +oy+2a = 0
Let P (X, y) be any point on the Parabola such that
PF| = |PM|
=> |PFF = [PM[?
(x—0)*+ (y—0)’= (x+0y+2a)°

XX+y* = (x+2a)? .. (1)
Now, from right angled triangle EQP
By Pythagoras theorem
(150000 = x*+y°
Putting in (1) (150000)> = (x + 2a)
X +2a = 150000 ... (2)
base
&  we know that cosa = hypotenous
R _ _ 1[3x150000
c0s30° = Togog <> X = 5 = /3 x 75000
Putin (2)
750004/3 +2a = 150000
2a = 150000~ 75000/3
75000
2 = B3
a = 37500 (2 -4/3) km Ans
=
X =2a M p (Xv y)
S
)
S
&
30° -
y 7

V(-a,0) E(0,0)Q X-axis
X
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Q.7: Find an equation of the Parabola formed by the cables of a suspension bridge
whose span is a m and the verticle height of the supporting towers is bm.

Solution:
We know that an equation of Parabolla is
X2 = day (1)

Since the point P (% , b) lies on the parabola (1)

(1) becomes

a2 ,
(2) = 4ab

2
a ,
7 = 4ab
2
a ,
7 = a(4b)
oo 1 &
& = 24%ap T 16b

Now putting value of a in (1)

2 2
2 a _a
X 4(16b)y =0 Y

x> =

@\,

Ans

SN
O

y-axis

a
p(%,. b)

X a o a Q X-axis




Mathematics (Part-11) 597 (Ch. 06) Conic Section

Q.8: A Parabolic arch has a 100 m base and height 25m. Find the height of the arch
at the point 30 m from the center of the base.

Solution:
y
(50, 25)
A(20, h)
B(80, h)
(0,0) (50, 0) (100, 0)
From the equation of Parabola is (x —h)> =4a (y— k)  ..... (1)
Withvertex V = (50,25) (1) becomes
(x-50° = 4aly-25) .. (2)
Since origin 0(0, 0) lies on parabola
(2) becomes
(0-50)> = 4a(0-25)
2500 = —100a
la = —25]
Putting value of a in (2) we have
(x-50) = 4(-25)(y-25) .. (3)

Since point A(20, h) also lies on parabola
(3) becomes

(20—-50> =  —100 (h—25)
900 =  —100h + 2500
100h = 2500 - 900
100h = 1600
h = 16 m Ans
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Q.9: Show that the tangent at any point P of a parabola makes equal angles with
the line PF and the line through P Parallel to the axis of the Parabola, F
being focus.

Solution:

N Y-axis
My Py 5
m,
// ml
V(0, 0) F(a, 0)
We know that equation of parabola is
y2 = dax (1)
Diff. w.r.t ‘x’
dy _
2y ax = 4a
dy _ 4a
dx T2y
dy _ 2a
dx Ty
m; = Slope of tangent
_  dy _ 22
B dx y
m; = Slope of line between F and P
m, = y-0 A
X—a X—a
we know that slope of x —axis= 0
ms = Slope of line parallel to x — axis is also
Now tan@; = 21

1+mym;s
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2a a
tan0; = y2a
1+(2)o
y )©
2a
_Yy _ 2
=71 = y
4 (2a
0, = tan' (7) ..... 2)
_ m; —msy
Next tanf, = 1+ mm,
_y 2
_ X—a Yy
- _y 2a
1+ x—a* y
Y —2ax+2a
- Xy —ay + 2ay
Y -2ax+2a° .
= Xy+ay | | aeia (3)
Using (1)
ane = Aax—2ax+ 2a° . 2ax+2a° _  2a(x+a)
MY T T xyray S xyray o y(x+a)
2a
tan 0, = 7
. 2a
0, = tan 17 ........ (4)
From (2) & (4)
01 = 0, Hence Proved.

Ellipse
Let 0 <0 < 1 and F be a fixed point and L be a fixed line not containing F. Let
P(x, y) be a point in the plane and |PM| be the perpendicular distance of P from L.
The set of all the points P such that

PF
Hﬁ/h = e iscalled an Ellipse.

e is eccentricity, F is focus, L is directrix.
Standard Form of or Ellipse (Lahore Board 2010)
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2 2 2 2
) P =1 () pto=1
Special case of an Ellipse
Circle is a special case of an Ellipse. In circle “’e”> = 0
Parametric Equations of an Ellipse
x=acosd, y = bsin® are Parametric Equations of Ellipse.
Important points about an Ellipse

2 2 2 2
X X
2t =1 b ta =1
1) Eccentricity 1) Eccentricity
a’ — b? a’ — b’

e? = = e2 =

(ae)> = a’—b? (ae)> = a’—b?

¢ = a-b? c® = a®—b?wherec=ae
2) Foci (x ae, 0) or (x¢c,0) (2) Foci (0, £ ae) or (0,%c¢)
3) Length of major axis = 2a (3) Length of major axis = 2a
4) Length of minor axis = 2b 4) Length of minor axis = 2b
(5) Equations of directrix x : X = ig (5) Equations of directrix : y=+ g

2b? 2b?

(6) Length of latus rectum = - (6) Length of latus rectum = Y
@) Center (0, 0) (7) Center (0, 0)
(8) Vertices (£ a, 0) (8) Vertices (0, £ a)
9) Covertices (0, £ Db) 9) Covertices (x b, 0)
Note:

If center is other than (0, 0) then
equations of ellipse be comes

x — h)? — k) _h)? _ k)2

(§)+Ww):1 2 @§)+W¥):1

EXERCISE 6.5

Q.1: Find an equation of the Ellipse with given data and sketch its graph.
(1 Foci (3, 0) and minor axis of length 10.
(Lahore Board 2009)

Solution:





