Mathematics (Part-11) 600 (Ch. 06) Conic Section

2 2 2 2
) P =1 () pto=1
Special case of an Ellipse
Circle is a special case of an Ellipse. In circle “’e”> = 0
Parametric Equations of an Ellipse
x=acosd, y = bsin® are Parametric Equations of Ellipse.
Important points about an Ellipse

2 2 2 2
X X
2t =1 b ta =1
1) Eccentricity 1) Eccentricity
a’ — b? a’ — b’

e? = = e2 =

(ae)> = a’—b? (ae)> = a’—b?

¢ = a-b? c® = a®—b?wherec=ae
2) Foci (x ae, 0) or (x¢c,0) (2) Foci (0, £ ae) or (0,%c¢)
3) Length of major axis = 2a (3) Length of major axis = 2a
4) Length of minor axis = 2b 4) Length of minor axis = 2b
(5) Equations of directrix x : X = ig (5) Equations of directrix : y=+ g

2b? 2b?

(6) Length of latus rectum = - (6) Length of latus rectum = Y
@) Center (0, 0) (7) Center (0, 0)
(8) Vertices (£ a, 0) (8) Vertices (0, £ a)
9) Covertices (0, £ Db) 9) Covertices (x b, 0)
Note:

If center is other than (0, 0) then
equations of ellipse be comes

x — h)? — k) _h)? _ k)2

(§)+Ww):1 2 @§)+W¥):1

EXERCISE 6.5

Q.1: Find an equation of the Ellipse with given data and sketch its graph.
(1 Foci (3, 0) and minor axis of length 10.
(Lahore Board 2009)

Solution:
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Given (xae,0) = (x3,0)

y-axis
N
(0, 5)
X' < > X-axis
(-+34,0) F'(-3,0) (0,0) F(30) (34, 0)
(01 '5)
v
yl
ae = 3
=> C =3 Also 2b= 10 => |b = 5
We know that ¢ = a? =p?
() = a* = (6)
9 = a’-25
9 +25 =@
2 =34 = |a = /34

X2 2
Required equation of the ellipse is Z7 %z =1

2 2
.y _
3t =1
Here vertices are
= (xa,0)

(+\/34,0)

Covertices are (0, £ b)
= 0, £5)
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(i) Foci (0,-1) & (0, — 5) and major axis of length 6.

Solution:
(0, 0) R
X-axis
T ©.-1)
1 ©,-3)
T (0,-5)
We know that center = mid point of foci
_ (0 +0 ﬁ)
a11€2
=L 10,-3)
Also we know that
C = distance between centre and focus
C = O0-07 +(-3+1)
C= 4 =2
Given 2a = 6
a =3
We know for Ellipse
2 = 2 _p? - (2)2 - (3)2—b2
4-9 = —p? = b =5

With center (0, — 3), required equation of the ellipse is
x=hy’  (y—k)’
2 + 2

b a =1
x=07% (y+3° _
5 +(3)2 =1
2 2

L

5 9
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(i)  Foci (- 3v/3, 0)
(Lahore Board 2009)
Solution:

& Vertices (x 6, 0)

(0,3)
(6,0)
(-6, 0) (0,0) X
(0,-3)
(tae,0) = (+3/3,0) & (+a,0) = (+6,0)
ae= 33 a =6
c =33 a=6
We know that ~ ¢* = a®—b°
3V3)* = (6)-b?
27 = 36— b? = p’=9
X2 2
Required equation of ellipse is EMZIT 1
2 2
.Yy _
3679 1
Covertices are = (0,xDh)
= (0,%3)
(iv)  Vertices (-1, 1), (5,1) foci (4,1) & (0, 1)
Solution:
2a = |VV’| 2¢c = |FF'|
2a = \J(6G+1)7+ (-1 2c = +J(0+4)°+(1-1)°
2a = /36 2c = /16
2a =6 2c =14
la = 3 c = 2
We know that ¢ = a-b
2?7 = (3°-b

(Ch. 06) Conic Section
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4 = 9-b°
b = 5
Now center of ellipse = (h, k) mid point of foci

440 1+1

- ( 2 0 2 )
with this center required equation of ellipse
x-h? vk’

a b =1
Lo x=2? (1)
1.e; 9 + 5 =1
Y-axis

) Y.

N

(V) Foci (£ \/5 , 0) & passing through @ , \/5)

Solution:
Given (+ae, 0) = (+5,0)
¢ = /5 weknowthat ¢®> = a?—b?
W5) = a’— b’
5 = a’ — b?
= a’= 52+b22 ....... (1)
Since Ellipse is gz + %z = 1

from (1) we have a® =5+ b?  Putin (2)
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9 3
46+0) Tp2 T 1

9b% + 12(5 + b?)

wEa) - 1

9b*+60+12b> =  20b*+4b*

4b* — b - 60 = 0
e = —C 1) +~/(-1)" — 4(4) (- 60)

- 2(4)
5 : 1++/961
b = 8

o 1=x31

- 8
2 o 13l 1-31

-8 : 8

(0. 2)
/\ .0
(3.0 R/ "
0,2
2 _

b> = % ., b* = % (solution not possible)
> =4
Required equation of Ellipse
X2 2
2t =1

2 2
S A
l.e; 9 + 4" 1

Vertices (x4, 0)
Co-vertices (0, £b)

(£3,0)
©, £ 2)
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: : - 3
(vi)  Vertices (0, £5), eccentricity = 5

Solution:

Vertices (0, xa) = (0,£5)

,+
3
a =5 e—5
ae :5><§

= C = 3

& o >—0—0o

M y-axis

(©.5)

(-3,0) (0, 0)

We know that
2 - 2% — b2
@ = (5°-b’
9 = 25-b?
b> = 16
Required equation of Ellipse is

C.Y oo

16 © 25
Co-vertices

(b, 0) = (4,0

Foci = (0,£c) = (0, £3)

(O, '5)

X-axis
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(vii) Centre (0, 0) focus (0, — 3), vertex (0, 4)
(Lahore Board 2011)

Solution:
0,-¢c) = 0,-3) a = 4
c =3
a’— b’
We know that e* = —Z
(@)’ = a®—b°
2 = _p?
(3 = 16-b°
9 = 16-b?
b* =16-9 = bp*=7
2 X2
Required equation of ellipse is §z+52 =1
2 2
- Y X _
= 1w6t7 7 1
Its vertices are (0, + a) = (0, = 4)
Covertices (+ b, 0) = (7.0
Coordinates of foci = (O, £ ae)
= (0,14%)
= L0
N .
y-axis
(0,4)
-A[7,0)
% C X

A (07 '4)
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(viii)  Centre (2, 2) major axis parallel to y-axis and of length 8 units, minor axis
parallel to x-axis and of length 6 units.

Solution:

Center (2,2)also2a=8 =>

2b= 6 =>

Equation of ellipse is

=>

Its vertices are (0, + a)
, a2 - b2

and e =z

Coordinates of foci

(-2, x-2)

y =2x\7

Thus foci are (2, 2 + \/7 ) &

b

=3

+(X_

a

h)?

(y =K’
2

a

b2

(y-27 , (x=2f

16

9

0, 2)
16 -9

16

(x ae,

(7

X

For vertices, we have x-2 =0
2+4 =>
(2! - 2)

X= 2 y =

So verticesare (2, 6),
Nextwe have x-2 =
X =

+

2

So covertices are (5, 2) & (- 1, 2)

0)

, 0)
2

(2,2-4~[7)

V=22

6,

b, y-2=20
3, 2

4

=2

=

(*+[7,0)
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(ix)  Center (0, 0) symmetric with respect to both the axes and passing through
the points (2, 3) and (6, 1).
Solution:

V\2/e kn0V\21 that equation of ellipse with center (0, 0) is given by
2yl
Since it passes through the points (2, 3) & (6, 1)
4> 9 36 1
2t =1 m 2T =1 )
Subtracting
4b* +9a° = ab®
—36b° + a® = —a’b?
—32b" +8° = 0
8a® = 32b°
a® = 4b? Put in (1)
4 9
wte =1
1+9 B
i =1
10 = b a” = 40
Required equation of ellipse is
XYy _
20t10 ~1

(1/40,0) = (+21/10,0)

Verticesare (xa, 0)

Covertices  (0,xb) = (O,i\/f))

Foci (i\/%,O)
y-axis
(0,¥10)

C(0,0) X-axis

o 0)/‘\(241_0’ .

(0,-410)
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(x) Center (0, 0) major axis horizontal, the points (3, 1) (4, 0) lie on the graph.
Solution:
We know that equation of Ellipse with center (0, 0) is

2 2
X
2 =l

Since it passes though the points (3, 1) & (4, 0)

For (3, 1) For (4, 0)
9 1 16 0
2 1 W Zre=1 @

a~ = 16| Putin (1)

9 1

16t T 1

1 _ . 8 _ 1 o _ 16
P~ 11 ~ 16 b® = 3

Required equation of ellipse is
X2 xi
2t =1
2 2
x Y _
6+t 1
2 2
x .y _

6716 1
Vertices (xa,0) = (4,0
. 4
+ = p——
Covertices (0, £b) O, \ﬁ)
. 6
Foci (14\/;,0)
y-axis
4
(0'«/7)

x (-4,0)
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Q.2: Find the center, foci, eccentricity, vertices and directrix of the ellipse whose
equation is given.
(i) X*+4y* =16 (Lahore Board 2009 (Supply))

Solution:

X2+4y? = 16
2 2
Here a° = 16 b* = 4
) a®—b®> 16-4 12 3
© T7& T 1. T16 14
_ 3
¢ =7
Foci are = (xc,0) = (=24/3,0)
Vertices are = (xa,0) = (4,0
Directrixare x = % a => X = ii = J_ri
e 3 \/3
2
Clearly center of ellipse is (0, 0)
(i) 9x*+y* = 18
Solution:
ox*+ y* = 18
X2 2
7+t =1
a> =18 , b =2
, _a-b* 18-2 16 8 24/2
¢ =" =T =1 “g = &=73
foci are = (0,x0) = (0,%4)
verticesare = (xa, 0) = (z 3\/5,0)
directrixare = y = ig = i?% = i%
3

Clearly centeris (0, 0)
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(iii)  25x% + 9y?
Solution:
25x%  9y?

225 * 225
2 2

X
RS
a? = 25

Eccentricity
© = T
foci
vertices

Center

Directrix

a? - b?
a b

y

225

]
[EEN

(-1 (y+2)
16

V) =3
Solution:
Let 2x -1

X

Given equation becomes

X2 Y?
4 Y16 T

1

2 2
9 a-b

a
Eccentricity

_ B
¢ =7
Center:-

2x-1=0

_1
X =97

Here a’ =16

16 -4

- 16

For center put X =0,

. 1
Required center is (5 ,—2)

Foci (O, + ae)

y+2=Y

12
16

Y =

|
o
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(X, Y) = (0,£243)
(2x -1,y +?2) = (0,+2+3)
2x-1 =0 y+2 = +23
1
X = E y = —-2% 2\/:_3
1
Required foci are (E ,— 2% 2\/1_3)
Vertices (0, xa) = 0,+4)
(X,Y) = 0,+4)
2x-1,y+2) = 0,x4)
2x-1 =0 y+2 = +4
X = % y = -2%4
y = -6, 2
. 1 1
Vertices are (2 , — 6) . (2 , 2)
. i a
Directrices Y = te
4
+ = Sip—
y+2 5
2
8 8
= +—F—= = = —2+—F
y+2 _\/§ > y 2_\/:—3
(v) X°+16x+4y*—-16y+76 = 0
Solution:
X2+ 16X +4(y> —4y)= —76
(xX*+16x +64) +4 (y>*—4y+4) = —76+64+16
(x+8)°+4(y—-27° =4
(x+8)° 4y-2 _ 4
4 4 T4
( )2
+
: 48 *(y-2° =1
Let
X+ 8 = X, y-2=Y
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2 2
XT+YT =1 (an ellipse)
2 2
a2 =4, b=1 ezzaa_zb -421 :%
2
For the center Put X=0, Y=0
x+8=10 , y-2=20
X = -8 , y =2
Required centre (— 8, 2)
Foci = (zxae,0)

X, Y) = (12(32@)0)

(x+8,y-2) = (x/3,0)
X+8= i\/§ y-2=20
X = —81\/5 y =2
Required foci are (— 8 £+/3 , 2)

Vertices are = (xa,0)
X, Y) = (xa 0)
(x+8,y-2) = (x2,0)
X+8 = +2 | y—-2 =0
X = -8x2 y =2

Required verticesare (-6,2) &  (-10,2)

. . a
Directrix X = s
X+8 = + 2 + A
T T3 T T
2
4
= -8+
§ \3
(vi)  25x* + 4y? — 250x — 16y + 541 = 0
Solution:
25x°— 250X + 4y? + 16y = -541

25(x— 10x) + 4(y* — 4y) = 541
25(x*— 10X + 25) + 4(y* — 4y + 4)

—541 +625+ 16
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25(x — 5)? + 4(y — 2)?
Dividing both sides by 100
(x—5)° N (y—2)*

= 100

4 25 -1
Let
x-5 = X , y—2 =Y  above equation
Becomes
X2 Y?
2ty = 1 (an Ellipse)
a> = 25 : b’ = 4
) a’ — b’ 254 21
¢ = Tz = Tx =3
_ a2t
€ - 5
For Center Put X =0, Y =
(x=5,y-2) = (0,0
x-5 =0 , y=-2=20
X =5 y =2
Centeris (5, 2)
Foci = (0,xae) = (0,153@)
(X,Y) = (0,xN21)
(x-5y-2) = (0,%+/21)
x-5 = 0 , y-2==%\21
X = 5 , y=21\/2_1
Foci are (5,21\/2_1)
Vertices (0,+xa) = (0,£5)
(X,Y) = (0,%5)
(x-5y-2) = (0,£5)
x-5=0 , y—-2=1%5
X=5 , y=2%5
y=7,-3

Verticesare (5,7) & (5,-3)
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Directrix are

a
Y = ie
5
-2 = +——
y 21
5
25
= + ——
y 2—\/2—1

Q.3: Letabea+venumberandO<c<a.LetF(-c,0) & F'(c> 0) be two given points.
Prove that the locus of points p(x, y) such that |PF|+ |PF| = 2a is an ellipse.
Solution:

GivenP(x,y) , F(-c,0) , F(c,0)

IPF| +|PF| = 2a
VX +0)* +(y-0)* +~/(x— )"+ (y-0)° = 2a
\/(x+c)2+§2 = 2a—\/(x—c)2+§2

Squaring on both sides

Nec+r e +y' 2 = [2a-~(x-cf +y' T’

(X +C)* +y = 48° + (x—¢) +y?— da~J(x + c)7 + y?
X+ %+ 20X + Yy = dal X+ P 2ex+ Y =dan[(x—c)Z + Y
4cx — 4a° = —dar\[(x=c)’+y’

(Dividing by 4)

(cx—a®) =—a/(x—c)?+y
Again Squaring
[aN(x—cf +y' T

(cx — a?)?
c®? +a* — 2cxa’ a? (x* + c? — 2cx + y?)
a®x% + a’c? — 2cxa’ + a%y?

e + a* — 2cxa’

XZ(CZ o aZ) o a2y2 — aZ(CZ . a2)
Dividing throughout by ¢? — a2
2.2
X2 — Eia—_Laz =a (1)
We know that for ellipse ¢ = a®—b®> => c¢?—a®> = —b’putin (1)

2,2

xz—a—%z = g2
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2
d
2 2
+ J; =
X b a

(Dividing throughout by a?)
2 2 2

X +azy _a

 Ta: T &

X2 2

2D =1 which is an ellipse

Q.4: Use problem 3 to find equation of the ellipse as locus of points P(x, y) such
that the sum of the distances from P to the points (0, 0) & (1, 1) is 2.

Solution:
Given P(x, y), F(0, 0) & F'(1, 1) Also given that 2a =2
For ellipse we know that
|PF| + |PF| = 2a
V=07 + (-0 + A/(x-1)"+ (y-1)°
E+y + =17+ (y - 1)
(X =17 + (y - 1)° 2\ +y? Squaring
(x—1)"+(y-1)° 4+ () =X +y
XCr1-2X +y?P+1-2y = 4+X2+y 4 \DC+ Y
—2X—-2y—-2 = —4N\X+ty
X+y+1l = 24X +y (Dividing both sides by 2)
Again squaring
x+y+1)7 = (@C+y )
XCHY +1+2Xy+2y+2x = A(XC+YP)
A+ 4P X2y~ 1-2xy—2y—2x = 0
3 +3y*—2xy—2x—-2y—1 = 0  required ellipse

2 2 2
. . X . 2b
Q.5:  Prove that latusrectim of ellipse 27 )t:—z =1lis——

a
Solution:
The given ellipse is
2 2
X
2Pt O

From the figure, the points A(c, h) & B(c, — h) lies on ellipse (1) therefore.
For A(c, h) equation (1) becomes
¢® h?

A
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h? c?
=12
h? & —c?
2= T )
For ellipse, we know that
2 = a2_p?
= p* = a-c? Putin (2)
h2 b2
il
b’ b’
2 - - =~
h 2 => h = a
y-axis
_\A(c, h)
< # s >
X! (0,0) F(c, 0) X-axis
_/B(c, -h)
)Y/
Points A & B becomes
b2 2
A(c, 7 ) and B(c, — E)

\/(c—c2

Length of Latus rectum AB

a

12
)
2b

W

by
JE

Hence proved.
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Q.6:  The major axis of an ellipse in standard form lies along the x-axis and has

length 4\/5 . The distance between the foci equals the length of minor axis.
Write an equation of the ellipse.

Solution:
Since the major axis of the ellipse lies along x—axis so its equation is
2 2
X
=+ %z =1 .. )

By the given condition 2a= 4\/§

=> a:2\/§

We know that

Distance between foci = length of minor axis
2c = 2b
=> c =D
Since for ellipse ¢? = a?—b?
b2 — a2_b2
2
22 =a = b=
_ » _ @2 8
= b = 5 = 9= 4
Putting values of a & b in (1)
X Y : , :
st " 1 Required equation of ellipse

Q.7: An astroid has elliptic orbit with the sun at one focus. Its distance from the
sun ranges from 17 million miles to 183 million miles. Write on equation of
the orbit of the astroid.

Solution: (Lahore Board 2004)
From the figure we have

From the figure
we have

—17 183

Elliptic Orbit of astroid




Mathematics (Part-I1) 621

(Ch. 06) Conic Section

Greatest distance of astroid from the sun isa + ¢ = 183
And least distance of astroid from the sun is

a-c = 17 2
Adding (1) & (2)
a+c = 183
a—-c =17
2a = 200
a = 100 Putin (1)
100+c = 183
c = 83
For ellipse, we know that
@ = a—b? = b= a’-c?
=> b* = (100)%- (83)°
b® = 3111
Required equation of the orbit of astroid is
X2 2
2ty =1
S G
o0 *3111 T 1
X2 2
10006 * 311 = L g

1)

Q.8:  An arch in the shape of semi ellipse is 90m wide at the base and 30 m high at
the center. At what distance from the center is the arch 20\/5 m high?

Solution: (Lahore Board 2004)

30
2042

90
X2 xi
Let the equation of the semi-elliptic are be ZTpE= 1

Since the arch is 90m wide at the base
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so 2a= 90 => a = 45
Since arch is 30 m high at the center, so
b = 30, putting a & b in (1)

2 2
=1 )

X
@5)* " (30)

Let d be the required distance from the center when arch is 20 \/E m high.

Putting x = d .y =202 in(2)
d? (2002 )?
7 + 7 1
(45) (30)
d* . 800
2025 900
¢ 1 800
2025 ~ 7900
100
2 _ =Y
d = 300 X 2025
45)?
@ = &)
(3)
45
d =3 = 15 meter

Q.9:  The moon orbits the earth in an elliptic path with earth at one focus. The
major and minor axes of the orbit are 768, 806 km & 767, 746 km
respectively. Find the greatest and least distances in astronomy called apogee
& perigee) of the moon from the earth.

Solution:

By the given conditions
2a = 768806  => a = 384403

2a

at+c —C—

2b = 767746 => b = 383874

Since \/E2 = \/az—b2
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c = +/(384403)° — (383874)°
¢ = 20179 km
The greatest distance
a+c = 384403 + 20179

= 404582 km
The least distance
a—c = 384403 -20179

= 364224 km

Hyperbola

Let e > 1 and F be a fixed point and L be line not containing F. Also let P(x, y) be
any point in the plane and |PM| be the perpendicular distance of P from L. The set of all

PF
the points P(X, y) such that |J|W/|I_| =e > 1is called hyperbola.

Key points about Hyperbola

1) Equation (Standard form) (1) (Lahore Board 2009)
X2 2 2 X2
2! w ol
2+b2 2+b2
(2)  Eccentricity e® = a—az— (2)  Eccentricity e® = a—az—
(ae)’ =a’ +b? =>c*=a’ + b’ (ae)® = a’+b’
(3)  Foci (+ ae, 0) c? = a?+b?
4) Directrix x = % g (3 Foci (0, + ze)
i 4)  Directri =+
(5) Center 0, 0) (4) Irectrix-—y = =g
(6) Vertices (xa,0) 5) Center 0,0
@) Covertices (0, £ b) (6) Vertices (0, xa)
@) Covertices (x b, 0)
2b?

Length of latus rectum is —/—.

a

If center is not (0, 0) then equations become
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y-axis

2 2 2 2
C8L VRS T )

haafss

>

.

EXERCISE 6.6

Q.1: Find an equation of the hyperbola with given data. Sketch the graph of each.
(i) Center (0, 0) Focus (6,0) , Vertex (4,0)
Solution:
Given (ae, 0)= (6,0) @0)= (4,0
(c,0)= (6,0) a=4
c =6






