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y-axis

2 2 2 2
C8L VRS T )

haafss

>

.

EXERCISE 6.6

Q.1: Find an equation of the hyperbola with given data. Sketch the graph of each.
(i) Center (0, 0) Focus (6,0) , Vertex (4,0)
Solution:
Given (ae, 0)= (6,0) @0)= (4,0
(c,0)= (6,0) a=4
c =6
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For hyperbola
2

& = at+b’
(6 = (4 +b°
36-16 = b’
20 = b?
Required equation of hyperbola is
2 2
X
2 =1
X ¥
16 20 -1

A Y-axis

(i) Foci (£5,0), vertex (3,0)
Solution:
y-axis

Foci (x5,0) Vertex (3,0)
(xc,0) = (£5,0) (@, 0)= (3,0)
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c =5 a = 3
For hyperbola
¢ = a+b?
(5)*= (3)° +b?
25 = 9+’
16 = 9+b?
16 = b’
Required equation of hyperbola is
2 2
X
@b =
2 2
Xg — {_6 =1 Ans.

(i)  Foci (2 £ 5\/5 , — 7), Length of the transverse axis 10.

Solution:
(tae,0) = (2+5\2,-7)

Fociare 2 +5\2,-7) & F' (2—5\/2,-7)
Also given 2a = 10

a =5
Center = mid point of foci
_ (2+5\/§+2—5\/§ —7—7j
B 2 - 2
Center = (2,-7)
We know that
¢ = distance between center and focus

= \@-2-5V2"+(-7+77 = +[50
For hyperbola
2 a2 + b2

C =

(\f50)* = (5)°+b’
5025 = b?

25 = b?

b? = 25

with center (2, — 7) equation of hyperbola is
(x=h)’ (y-K)’

Z B =1

(x=2° (y+7)* _

25> ~ 25~

1 Ans
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y-axis
T~ (0.0) -axis
Centre
—e ® ®

(iv)  Foci (0, £6) ,
Solution:

D

2 (Lahore Board 2011)

Foci (0,%£c¢) =
cC =6 ,
ae = ¢
_¢c _6 _
a =g =27
\Y
| F(0,6)
V(0,3)
pa (0’0) N
X’ X
For hyperbola
& = at+b’
6" = (@) +b’
36 -9 = b?
b2 = 27

Equation of hyperbola is



Mathematics (Part-I1) 628 (Ch. 06) Conic Section

|

x. oYX
I
|_\

N

_ =1

o< WS

N
-~

(V) Foci
Solution:

~

0,£9) directrix y=+4

Foci (0,tae)= (0,%x9) , y = £

For hyperbola
c? a’ +b?
(9) 36 + b?
81-36 = b’
b> = 45
Required equation of hyperbola is

=1
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V(0,6)

X 0,0) X
[ v(0,-6)

an
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(vi)  Centre (2, 2) horizontal transverse axis of length 6 & eccentricity e = 2.
Solution:

Centre (2,2) & 2a=6=> &e=2

c=ae = 3(2) =6

For hyperbola

c? = a’+b?

(6)° = (3)° +b°

36-9 = b’

b® = 27

with centre (2, 2) required equation of hyperbola is

x=h)?® (y—k)’

2 — pZ - 1
x-2° (-2 _,
9 27

fociare (xae,0) = (£6,0)

x-2,y-2) = (x6,0)

X—2 = %6 y-2=0

X=*6+2 y=2

X=8,-4 y=2

F(8,2) & (-4,2)
y-axis
Centre
L s \
F’(-4,2V (2.2) F (8,2)
/ ‘(0,0) \@s

(vii)  Vertices (2, £ 3) and (0, 5) lies on the curve.
Solution:

Center of the hyperbola = mid point of vertices
N (2 + 2 3- 3)
- 2 2

Center = (2,0)
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Since V. =(2,3) & V = (2,-3
2a = W] = J(2-2°+@3+3)° =6
a = 3

With center (2, 0) equation of hyperbola is
Y-k’ (x=h? _
a b° T

(y-07% (x-2?* _
9 ~ b* -

1

1 1)

y-axis

0 les

0 X-axis
(2!_3)

Si

Since (0, 5) lies on (1)
25
9
25
9
16
9

I
= ijl_h
1
TSI

O gs

2 2
b> = (1) becomes %— X2 o s
(viii) Foci (5, -2) (5, 4) & One vertex (5, 3)
Solution:
Center = mid point of foci
5+5 —2+4
= 5
Center = (5,1)
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c = distance between center & focus
= ANGB-57+(@1-4)
= 9
= 3
c = 3
a = distance between vertex & center

\(5-5)"+(3-1)°
\J4

2
a = 2
For hyper bola
& = at+b’
@° = (@ +b’
9-4 = p?
b = 5

with center (5, 1) required equation of hyperbola is
(y=k? (x=h)’
—r

a b2 =1
(y-1° (x=57° _
s ~— 5 -1
The second vertex is
(5,1-2)
(51 - 1)

' C(5,1)
+

X-axis
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Q.2: Find the center, foci, eccentricity, vertices and equations of directrices of
each of the following. (i) X°-y* = 9

Solution:
2 2
Xy _
9 -9- 1
= a =9, b*=09
2 = a2+p?
¢ = 9+9= 18
c® = 18=> ¢ = 3\2
2 _ a2+b2 - E =2
© =TT T D
e = /2
foci = (#¢,0) = (¥33/2,0)
Vertices = (x4, 0) = (3,0
Directrix x = i%
Directrix x = +i
N
Center is (0, 0)
2 2
. X
(i) 1 —% =1
Solution:
2 2
Xy _
49~ 1
a® =4 b>= 9
2 = a?+b’ = 4+9 =13 => c = /13
C
ae = ¢ => e =3
. V13
eccentricity e = 5
foci = (+c,0) = (+/13,0)
Vertices = (x4, 0) = (x2,0)
. . a
Directrix x = =
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X = ii
13
2
X = +i
RE
Center is (0, 0)
2 X
(i) ﬁ—g =1
Solution:
v o2
6 9
a® = 16 . b?P=09
2 _ a2+b2
16+9
¢ =25
eccentricity ae= ¢ => o LA 3
a 4
. . B
T4
foci = (0, %c)
= (0,%5)
Vertices = (0,+a) = 0, x4)
Directrix y = J_rg
Directrix y = iﬂ = iﬁ
5 5
4

Center is (0, 0)
2
(iv) {T—xz =1
Solution:
2 2
y X _
471 1
Center = (0, 0)
@ =4 b= 1
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¢ = a+b?
¢ = 4+1
¢ =5
- C 5
eccentricity ae= c => e = 3 = 5> e
foci = (0,#¢) =  (0,++/5)
Vertices = (0,+a) = 0,x2)
. . a
Directrix y = e
. . 2
Directrix y = 1—5
2
4
= +—F=
NE
(x=1° (y-1)° _
(V) > — ¢ -1
Solution:
Let x—1= X , y-1=Y
xX* Y2
2 -2 =1
a2 =2 , b=9 c?=a’+b? = 2+9= 11
C
ae = ¢ : e = = @
a T

.. 11
Eccentricity e = )

Coordinates of foci  (x¢c, 0)

(X,Y) = (#+11,0)
x-1, y-1) = (/11,0
x-1 = i\/l_l y-1=20
X = 11\/1_1 y =1
foci  (1++/11, 1)
For center Put X =20 , Y=0
x-1 =20 , y-1=20
= x=1 |, y =1 cenere = (1,1)]
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Vertices (X, Y) = (J_r\/i , 0)

x-1,y-1) = (/2,0

X-1= #42= y-1=0

X = 1+ \/5 y=1

Vertices are |(1 +4/2,1) , (1-+2, 1)|
Equation of directrix

(vi) 9 — 16 - 1
Solution:
Let y+2=Y | x=2=X
Given equation becomes
Y? X
9716 -1
a® =9, b= 16 c®=a’+h®> = 9+16 = 25
=> c = %5
ae = ¢
Eccentricity = e = £ = 2
a 3
Foci X,Y) = (0,x¢)
x-2,y+2) = (0,£5)
x-2=20 , y+2= %5
X=2 , Yy =25
y = -7,3
Foci 2,-7 , (2,93
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For the centerput X = 0 Y =20
x-2 =0 , yt+2=20
X =2 , Y = -2
Center (2, - 2)
Vertices (X, Y) = (0, xa)
(X_21y+2) = (0!i3)
x-2=20 y+2= %3
X=2 y = —-2+3
y = -51
Vertices
(21 - 5) & (2! 1)
Equations of directrices are
a
Y =i
3
y+2 = = 5
3
9
y = -2+ 3 Ans,
(vii) 9x* —12x-y?—2y+2 =0
Solution:
x> —12x—y? -2y = -2
12
9(x* —3x)—1(y2+2y) = -2
2 4 4 2
9(x —§x+§)—1(y +2y+1) = -2+4-1
2
9(x —§)2—1(y+1)2 =1
5
X—7 2
3 (y+1)
T 1o =t (1)
9
2 .
Let X-3= X , y+1=Y Equation (1) becomes
X2 Y? .
7 -1 = 1  whichrepresents hyperbola
9
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1
2 _ = 2 _
a° =g , b*=1
1., 10
, _ &+ 9 9
T U
9 9
10 10
e = 4/10 ¢¢=3 = ¢ = 335
Coordinates of foci X,Y) = xC =0
2 10
(X_§!y+1) = (i 3 !O)
2 10
X-3 = 1335 y+1=20
2 10
2+4/10
X = 3 , y = -1
: 2+4/10
Foci (43C 1)
ForcenterputX=0 , Y =0
2
X-3 = 0 , y + 1 =10
2 2
X =3 y = -1 Center(g,—l)
Vertices (£ a, 0)
1 . . .
(X+Y) = (£2.0) Equation ofdlgectrlces are
2 1 X = *5
(X__ ' y+1) = (i_,O)
3 2 1
2 1 x-3 = 3110
X“3 = *3 . y*1=0 2 1
2 1 X=3 *3y10
X = 3%3 Y = -1
: 1
Vertices (1,-1) , (5,71)
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11
o

(viii) 4y*+ 12y —x®+4x+1
Solution:
A(y? + 3y) -1 (x* — 4x)

9
Ay*+3y+,)-L(—4x+4 = —1+9-4

-1

My +3) L (x—2=4

(y " gjz (x=2)°

1 s 1 (1)
3
Let y+s = Y | x-2=X
Equation (1) becomes
Y? X
1T~ 21 ~ 1 (Represents a hyperbola)
> = 1 , b*=4
o ¢d = a’+b® = 1+4=5 = ¢ =4[5
. c 5
Eccentricity €=c¢ => e =7 =7 = H
Foci X,Y) = 0, xc)
3
(x=2,y+3) = (0, %15)
3
x-2 =0 y+5= J_r\/g
X =2 y = _2—31 5

) -3
Foci (2,71\/5)
For center Put X=0,Y=20
y

Center (2, =)
Vertices (X,Y) = (0, xa)
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3
(x=2, y+3) = (0,£1])
x-2 =0 , y+g:il
X = 2 , y=_7311
_ -1l =5
y =727

) -1 5
Verticesare  (2,%) , (25)

Equation of directrices are

a
Y—J_re
L3, L
y2_—\/§
-3 1
y —21\/3 Ans

(ix) x*-y*+8x—2y-10=0

Solution:
X*+8x—y* -2y = 10
(X*+8x+16)—(y*+2y+1) = 10+16-1

(x+4°-(y+1)° =25
(x+4° (y+1)® _ .
25 25 -1 ()
Let x+4 =X | y+l=Y
2 Y2
Q) Becomes 2525 = 1 (which represents hyperbola)
a® = 25, b= 25 c®= a?+b®> =50 =>
ae = ¢
2
Eccentricity e = g = 3@ = %E = /2
Foci = (xc, 0)
(X,Y) = (£54/2,0)
(x+4,y+1) = (£54/2,0)
X+4 = +5~/2 ,  y+1=0

X = —4+542 y = -1 foci (—4+54/2,-1)
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For center put X =0, Y =20
x+4 = 0 , y+1=20 = X = -4
Center (-4,-1)
Vertices X, Y) = (x4a,0)

x+4, y+1) = (x5,0)

Xx+4 = 5 y+1=20

X = —-4+5 y = -1

=-91

Vertices -9-1) & (1,-1)
Equations of directrices

X = g
5
+ = +—F
X+4 _\/E
= 4+ —F
X 4_\/5 Ans.
(x) 9X°-y*-36x-6y+18 =0
Solution:
9x? — 36x — y*— By 3 83
9(x* —4x) — 1(y* + 6y) = -18
OX*—4x +4) —1(y* +6y+9) = -18+36-9

Ox—2)%-1(y+3)?% =9
(x=2)* (y+3)° _

1 1 1 (i)
Letx-2 = X | y+3 =Y  Equation (i) becomes
X Y2
19 =1
a2 =1, b =9
¢ = a+b* = ¢ =1+9 =10
ae = ¢
Eccentricity SLoooe = g = 3@
Foci (£ c, 0) = (++/10,0)
(X,Y) = +4/10,0

(x-2, y+3) = (%/10,0)
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Xx-2=+[10 , y+3=0
X = Zix/f) , y = -3
Foci  (2++/10, —3)
For center Put X =20
x-2 =20 y+3=
2

, y=-3 [center (2, — 3)]

X =
Vertices (X,Y) = (xa, 0)
x-2, y+3) = (1,0
x-2 = =1 y+3=
x =21 vy =-3
x =31 , y=-3 | Vertices (3, - 3), (1, - 3)]
Equations of directrices

a
X = ie
1
-2 = + ——
X \J10
1
= + ——
X 2+ \/f) Ans

Q.3: Let O<a<c and F(-c, 0), F'(c, 0) be two fixed points. Show that the set of
points P(x, y) such that |PF| = |PF’| = £ 2a is the hyperbola

2 2
2w =1
Solution:
Given F(-c,0) , F'(c,0)andp(x,y)
Also |PF|—|PF'| = 2a
VX +0)7+(y-0)° — \(x—c)*+(y-0)°
\/(x+c)2+)_/2 2a+\/(x—c)2+7
Squaring on both sides
W+ +y? ) (2a+~[(x -0 +y" )
X+ P +2ex+y? = 4l +xP+ci—2ex +yP +dan(x—c)Z +y°
dox —4a% = 4a?~[x* + P - 2cx + Y
4(cx —a2) = 4a’~[x* +c?—2cx + Y
Again Squaring
2 +at—2cxa®? = @%(X*+c?—2cx + VD)

2a
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c?x? +a* —2cxa —a’x* —a’c’ + 2a%cx—a%y* = 0
XZ (CZ . aZ) . a2y2 — aZ (C2 . aZ)
Dividing throughout by ¢? — a2

XZ(CZ . a2) a2 y2 _ aZ(CZ . a2)
¢“-a° ~c¢°-a° = c-a
2
a
X2 —Tﬁi = &
c°—a
X2 y2
Dividing throughout by a’ ZZ_Z& ° 1 Hence proved.

Q.4: Find an equation of the hyperbola with foci (- 5, -5) & (5, 5) vertices (— 3\/5 :
~3/2)and 3\2, 3\2).

Solution:
Since 2a= distance between two vertices

2a = \(3\2 +3\/2)" + (3\2+3\/2)°

2a = \[(6\2)2+(6\2)? = \T2+72 = 144 = 12
2a = 12[a = 6|

Also given F(-5, — 5) & F/(5, 5). Let P(x, y) be any point on the hyperbola such
that |PF|-|PF| = 2a
Vx+5)°+ (y +5)° -[(x-5)"+(y-5)° =12
Squaring  \/(x +5)" + (y +5)° =12 +~/(x=5) + (y - 5)°
X2+ 25+ 10x + P+ 25+ 10y = x*+25=10x + y* + 25 — 10y + 144 + 24
\(x = 5)* + (y - 5)°
20x + 20y — 144
4(5x + 5y — 36)
Again squaring on both sides
(5x +5y—36) =  36(x*+25—10x + Yy + 25— 10y)
25x2 + 5y? + 1296 + 50xy — 360y — 360x = 36x° + 900 — 360x + 36y* + 900 — 360y
25x2 + 25y” + 1296 + 50xy — 360y — 360x —36x° — 900 + 360x — 36y* — 900 + 360y = 0
11x* —50xy — 11y’ +504 = 0 Ans
Q.5: For any point on hyperbola the difference of its distances from the points
(2,2) & (10, 2) is 6. Find an equation of hyperbola.
Solution:
Given 2a=06 F=22& F =(10,2
Let P(X, y) be any point on the hyperbola, such that
|PF| - |PF| = 2a

24~[(x ~5)* + (y - 5)°
A[6~/(x ~5)*+ (y-5)°]
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VX =27 +(y-27 -\/(x-107+(y-2° =6
VX=27+(y—-2)* = 6+/(x—10)°+(y-2)°
Squaring
XoH+A—Ax+y +4-4y =36 + X* + 100 — 20x + y* + 4 — 4y + 12
\J(x—10)* + (y - 2)°

16x—132 = 12+/(x—10)* + (y—2)°
4(4x—33) = 12+/(x—10)" + (y—2)°
4x - 33 = 34/(x=10)" + (y—2)°

Again squaring
16x2 + 1089 — 264 = 9(x* + 100 — 20x + y* + 4 — 4y)
16x% + 1089 — 264 — 9x* + 900 + 180x — 9y’ —36 +36y = 0
7X°—9y?—84x +36y+153 = 0 Ans
Q.6: Two listening posts hear the sound of an enemy gun. The difference in time is

one second. If the listening posts are 1400 feet apart, write an equation of the
hyperbola passing though the position of the enemy gun.

Solution:

Since the difference in time is one second, so let the listening posts F&F' near the
second of the enemy gm after t, t-1 seconds respectively. If P is position of enemy then
IPF|-|PF| = 2a ... @

Since posts are 1400 feet apart, so

2c = 1400 => ¢ = 700

since distance = (Velocity) (time)

So |PF| = (1080)t & |PF’| = (1080)(t—1)

Putting these values in (1)

(1080)t — (1080)(t—1) = 2a

1080t -1080t+ 1080 = 2a
1080
= = 540
For hyperbola, we know that ¢? = a®+b?
(700)> =  (540)* +b?
b® = 490000 — 291600
b® = 198400
X2 2
Required equation of hyperbolais —2 f%z = 1
2 2
X Y 1 Ans

291600 ~ 198400 —
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Tangents to Conics

Q) Parabola

Equations of Tangent in different forms
Q) Point form:

The equation of the tangent to the parabola

y? = daxatthe point (x,y)isyy: = 2a(x +X)
(i) Slope form:

The equation of the tangent to the parabola

y> = 4ax in the term of slope ‘m’ is
a
y = mx+ (. ¢c=1)

Note:
The equation of tangent at (X1, y1) can also be obtained by replacing x* by xx1, y?
1 1 Xy1 +
by yy1, X by 5 (X + X1), y by 5 (y + y1) and xy byjl—zm
(1)  Ellipse
Equations of tangents in different forms.

Q) Point form:
2 2

: LA . :
Equations of the tangent to the ellipse 295 %z = 1 at point (X1, Y1) is

XX1 1 _
Ze =1

(i) Slope form:
2 2

. . X . .
The equation of the tangent to the ellipse Z 7 %z =1 in terms of slope m is

y = me_r\/a2m2+b2 (- c = i\/a2m2+b2)
(1) Hyperbola

Equations of tangent in different forms
Q) Point form:

2 2
The equation of tangent to the hyperbola lz — %z =1 at point (X, y1) is
XX1 1 _
FROER!

(i) Slope form:
The equation of tangent to hyperbola in terms of ‘m’ is

y = mxi\/agmgfb2 (c = i\/azmz—bQ)
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(V)
(i)
(i)

(i)

(i)

(iii)

Q.1:

Circle
Equations of tangent in different forms
Point form:

Equation of tangent to the circle at (X1, y1) IS XX1 + yy; = a

Slope form:

2

Equation of tangent is terms of slope ‘m”isy = mx a1+ m?

(. ¢t =a’(1+md)
Equations of Normal
dax is at (X1, y1)

%(X_Xl)

Parobola y?

Y-Y1 =
X2 2
Ellipse 2 + %z =1 at (X1, y1) is
2

2
ax by _ 5
x oy, a-b
X2 2
Hyperbola 2~ )t;—z =1 at (X, y1) Is

2 2
Xa b
xa yooo _ a2 + b2
X1 Y1

EXERCISE 6.7

Find equations of tangent and normal to each of the following at the

indicated point.
(i) y?= dax at (at? 2at)

Solution:

Equation of tangent at (at?, 2at) is

YY1 2a (X + Xy)

y(2at) = 2a(x+at?)

2ayt 2ax + 2a’t?

2ayt 2a(x + at?)

yt X + at?

And equation of normal at (at?, 2at) is
y-y1 = _2% (x—x1)

— 2at
2a

y — 2at (x — at?)





