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(iv) 3x*+5y* = 60 and 9’ +y’= 124

Solution:
3x*+5y° = 60 .. (1) O’ +y? = 124 ... 2)
Multiplying (1) by (3) & Subtracting from (2)
x*+ Y= 124

—Ox*+15y* = — 180
—14y* = —56
y2 = 4 => y = +2
Putin (1)
+4 = 124
x> = 120

. _ 120 _ 40 N L
X T 9 T3 T EN\/3
. . . 40
Hence points of intersection are | £ 3t 2

EXERCISE 6.8

Q.1: Find an equation of each of the following with respect to new parallel axes
obtained by shifting the origin to the indicated point.

Remember
——
Solution:
(i) x*+16y—16 = 0 ... (1) 0(0,1)=> h =0k =1
We know that equations of transformation are
X = X+h , y = Y+k
Xx = X+0 , y = Y+1 Putin (1)
X?+16(Y+1)-16 =0
X*+16Y+16-16 =0
X? +16Y =0 Ans
(i) 4x*+y*+16x—-10y+37 =0 0'(-2, 5)
Solution:
AP+ +16x—10y+37=0 ... (i), 0 (25=>h=-2k=5

We know that equations of transformation are
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X =x+h, y = Y+Kk
X =X-2, Yy =Y+5
Putin (1)

AX -2+ (Y +5)%+16(X—-2)—10(Y +5)+37 = 0

AX*+4-4X)+ Y2+ 25+ 10Y + 16X — 32— 10Y -50+37 = 0
4X*+16-16X +Y?+16X—-20 = 0
aX*+Y?-4 =0 Ans
(i)  9x*+4y*+18x—16y—-11 = 0 0'(-1, 2)
Solution:
Ox% +4y* + 18x — 16y — 11= 0 .......... (1), O'(-1,2)=>h =-1,k =2
We know that equations of transformation are
x = X+h y = Y+k
x = X-1 y = Y+2
Putin (1)
OX —1)2+4(Y +2)? +18(X-1) - 16(Y +2)-11 = 0
OX*+1-2x)+4(Y*+4+4Y)+18X-18-16Y-32-11 =0
OX*+9-18X +4Y?+16+16Y +18X-18-16Y-32-11 =0

9X*+4Y?-36 =0 Ans
(iv)  xX*—y?+4x+8y—11 = 0 0'(=2, 4)
Solution:
X—y +4x+8y—11 =0 ..(1) , O(24)=>h=-2, k=4
We know that equations of transformations of transformation
Xx = X+h , y = Y+k
X =X-2 ,y=Y+4
Putin (1)
(X=22—(Y+4)P?+4(X-2)+8(Y+4)-11= 0
X2+ 4-4X-Y?-16-8Y +4X-8+8Y+32-11= 0
X*-Y*+1 =0 Ans
(v) Ox® — 4y? + 36X + 8y — 4
Solution:
OX*—4y? +36x+8y—4 =0 ..(1) O (21 =>h=-2
We know that equations of transformation are
x = X+h , y =Y+k
X =X-2 ,y=Y+1
Putin (1)
OX—2)2—4(Y +1)°+36 (X-2)+8(Y+1) -4 =0

0 O'(=2,1)

, k=1
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Q.2

(i)

OX*+4—4X)—4(Y2+1+2Y)+36X—-72+8Y+8-4 = 0
OX*+36-36X -4Y*—4-8Y +36x-72+8Y+4 = 0

OX*-4Y*-36 =0 Ans

Find coordinates of the new origin so that first-degree terms are removed
from the transformed equation of each of the following. Also find the
transformed equation.

3X% = 2y% + 24x + 12y + 24

]
o

Solution:

Put

(i)

3x% = 2y% + 24x + 12y + 24 0 ... (1)

Let the coordinates of the new origin be (h, k)

Equations of transformed axesare x=X +h,y=Y + K  Putin (i)
3(X+h?—2(Y +K)>+24(X +h) +12(Y +k)+24 =0

3(X% + h? + 2Xh) — 2(Y? + k? + 2YK) + 24X + 24h + 12Y + 12k + 24
3X% +3h% + 6Xh — 2Y? — 2k? — 4YK + 24X + 24h + 12Y + 12k + 24
3X%—2Y2+ X(6h + 24) —Y(4k — 12) + 3h* = 2k? + 24h + 12k + 24 = 0.... (2)
Now, we remove first-degree terms from the transformed equation

6h+24 =0 , 4k-12=0

h = -4 k =3

Thus new origin O’ (h, k) = O’ (—4,3)

h=-4 , k=238in@

3X*—2Y?+0-0+3(16) —2(9) + 24(-4) + 12(3) +24 = 0

3X?—2Y?+48 —~18-96+36+24 = 0

3X2-2Y*-6 =0

25x2 + 9y” + 50x — 36y — 164

n 1l
o O

1
o

Solution:

25x% + 9y” + 50x — 36y — 164 0 (1)

Let the coordinates of the new origin be (h, k) equation of transformed axes are
x=X+h, y = Y+Kk

Putin (1)

25(X +h)? +9(Y +k)> +50(X +h) —36 (Y +k) - 164 = 0

25(X? + h? + 2Xh) + 9(Y? + k? + 2YK) + 50X + 50h — 36Y — 36k — 164 = 0
25X? + 25h? + 50Xh + 9Y? + 9k? + 18Yk + 50X + 50h —36Y — 36k — 164 = 0
25X2 + 9Y? + (50h + 50) X + (18k — 36) Y + 25h?

+9k?+50h-36k—-164 = 0 ... (2)

Now we remove first — degree terms, from the transformed equation

50h+50 = 0 18k-36 = 0
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50h = —-50 18 k = 36
h = -1 k = 2

New originis O'(h, k) =0’ (-1, 2)

Put h=-1, K=21in (2

25X%+9Y?+ 0+ 0+ 25(1) + 9(4) + 50(-1) —36 (2) — 164 = 0
25X?+9Y?+25+36-50-72-164 = 0
25X%+9Y?-225 = 0
(iii)  X*—y?*—6x+2y+7= 0
Solution:
X2y —6Xx+2y+7= 0 (1)
Let the coordinates of the new origin O' be (h, k). The equations of
transformationarex =X + h,y =Y +k.
Putin (1)
(X+h?—(Y +Kk?Z?-6(X+h)+2(Y+K)+7 =0
X% +h?+2Xh - Y2 —K? - 2Yk — 6X—6h + 2Y + 2k + 7
X2-Y?+ X (2h-6)-Y (2k—-2) +h®>—k*—-6h + 2k + 7
Now we remove first degrees terms from the transformed equation

no
o o
—
N
N—r

2h-6 =0 2k-2 =0
6

h =5 2k =2

h =3 k =1

New origin is O'(h, k) = O'(3, 1)
Puth=3,k=1in(2)
X2-Y?+0-0+9-1-18+2+7= 0
X?-Y?-1= 0

Q.3: In each of the following, find an equation referred to the new axes obtained
by rotation of axes about the origin through the given angle.

0] xy =1 ..12) , 0 = 45°
Solution:
We know that equations of rotation are

X = X cosO-Y sind

> X X cos 45° — Y sin 45°

X sin 45° + Y cos 45°

U
x
I
X 5
|
S Sl<

y Xsind+Ycoso => vy

11
\Y
<

11
S
+

Putting these values in (1) we get
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R0 =

X% _Y?
> =1 => X?2_Y? = Ans.
(ii) 7X*-8xy+y?-9 =0 , 0 = arctan?2
Solution:
XP-8xy+y*-9 =0 (1) 0 = tan'2

1
=> tan0Q = 2 => cotd = 2

secO = \/1+tan’®0 , cosecO = \/1+ cot’®
= \,1"'4 , = A ’1+%
secd = /5 , cosecH = 325
cosO = % , sSin® | %
x = Xcos—Ysin0 , y = Xsin0+Y cos6
1 2 2 1
= X\/E—Y\/g v Y = X\/E +Y\/§
Looxeay L 2X+Y
E T

Putting these values in (1)

Y(X—zv)z_g(x—zvj(zx+v) +(2X—Y)2_9: .

\/5 5 JU A5 \/5

(X% + 4Y? — 4XY) 2X% + XY —4XY —2Y?\  4X% + Y2 +4XY
7( 5 )‘8( 5 )* 5

7X? - 28XY +28Y% - 16X% + 24XY + 16Y2 +4X? +4XY +Y?-45 = 0
—5X?+45Y%-45=0

—5(X?-9Y?+9)=0

X?2-9Y?2+9 =0
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2
(i) 9+ 12xy+4y’-x-y =0 6 = arctanj
Solution:
OX* +12xy +4y* —x—-y = 0 (1)
2
— -1£2
0 = tan 3
2 3
tand = 3 => cotf = 5
secO = /1 +tan’0
4 13
=\/1*s T 3
VEER _ i
secO = 3 = c0osO = 1
9 [13-9 9
: — 2 - ~ < _ =
sin@ = \/l—cose = 1—13 = 13
3X 2Y
X = XcosO-Ysing => X =
V_ ﬁ V13
. . 2 3 2X +3Y
y = Xsin@+Ysinb =y = XT+Y— y =
13" 413 \[13

Putting the values in (1)

3X—2Y
SR
2X +3Y
(5 )70
(9x2+4\(2 12XY) |

13

3X —2Y 2X+3Y
12XY) — N =0

(6x2 + 9XY — 4XY -

(BX ZYJ (ZX -; BYJ I, (ZX \/-;_:sz B (3)i/1_32Yj

6Y%) + 13 (4x2 +9Y? +

81X? + 36Y? — 108XY + 72X2 + 108XY — 48XY — 72Y?% + 16X? + 36Y? +

48XY — 313 X + 2[13 Y = 24[13 X —

169X° — 513 X —/13Y = 0
Dividing throughout by \/ﬁ

13\/13X?-5X-Y = 0 Ans

313 Y
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Q.4: Find the measure of angle through which the axes be rotated, so that the
product term XY is removed from transformed equation. Also find
transformation.

2x° +6xy +10y°—11 =0 (1)
Solution:
2x° +6xy +10y* - 11=0 ... (1)
The transformed equations for rotated axes are
X = XcosO-Ysing y = Xsin0+Ycos6 Putin (1)

2(X cos 0 — Y sin 0)? + 6(X cos 0 — Y sin B) (X sin 6 + Y cos 0) + 10 (X sin 0 +
Y cos0)’—11= 0

2X%c0s%0 — 2Y?sin®0 — 4XY sin 0 cos 6 + 6(X? cosO sin 6 + XY cos?0

— XY sin0 — Y?sin 6 cos 0) + 10X? sin’® + 10Y?cos’®
+20XYsin6—cos6-11=0

2X2c0s%0 + 10X%sin?0 + 2Y?sin%0 + 10Y? cosH?0 + XY (6 cos?0

— 6 5in%0 + 20 sin 0 cos O — 4 cosO sin 0) + 6X? cosd sinb— 6Y? sin*0 = 0
X?(2c0s°0 + 10sin%0 + 6 sin 6 cos ) + XY (6 cos?0 — 6 sin’8 + 20 sind coso
—4c0s 0 sind + Y?(2sin’® - 6sind cos O + 10 cos’0) —11 = 0 ...... (2)
To remove XY term, we put

6c0s%0 — 6sin?0 + 20 sinB cosd —4 sin® cos 6 = 0

3c0s0 — 3sin’0 + 8 sinBcos = 0
3-3tan’0-8tan 6 = 0  (Dividing throughout by cos’6)
3tan’0+8tan6-3 =0

. —-8% \[(8)% = 4(3)(=3) _ 8+164+36
tan6 = 20) = 6

_8#+/100 _  8%10

- 6 - 6
Either

g . B8+10 _ 18 g 8210 _ -2
tan = 6 =7 o tanb= "¢ = 5
-1
tan6 = 3, tano = 3
As 0 is taken is 1% quadrant sotan ® = 3 is only admissible value
sech = l1+tan’0 = +/1+9 = 410
1

coso = W
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(i)

) / /10— 1
sin O = 1 c0s%0 10
- 10 - \/1_0
Putin (2)

X? _2(\/%jz+6\/%\/% +1o(\/%)2] + XY (0) +Y?
jz(ﬁf_ﬁﬁﬁm(ﬁ]_n:o

r2 18 90 18

2 2

XLl *10 *10d* ¥ L0 10 ] 11=0
r2+18 + 18-18+1

xe [ 2218+ 8 90 [8 8 0] -0

11 X2+Y2—11 =0 Ans

Xy+4x-3y-10 =0 ... (1)

We know that for rotation at axes

x = XcosO-Ysing y = Xsin@+Y cos 6 Putin (1)
(XcosO—-YsinB) (Xsin+YcosO)+4(XcosO-Ysin0)—3(Xsind+Y

cos0)—10 =0

X% cos 0 sin § + XY cos’0 — XY 5in%0 —Y?sin 8 cos 0 + 4X cos 6 — 4Y sin 6
—3Xsin6-3YcosO—-10 - = 0

X% cos 0 sin © —Y? sin 0 cos® + XY (cos’0 — sin?0) + X(4 cos 6 — 3 sin 0)

+Y (4sin6-3cos0)— 10 =0 2

To remove XY terms we put

cos’0—sin0 = 0 => c0s20 = 0

20 = cost(0) = 90°

0 = 45 Putin (2)

X2 cos 45° sin 45° — Y2 sin 45° cos 45° + XY (0) + X(4 cos 45° — 3 sin 45°) + Y

(—4sin45°-3cos45% — 10= 0

XZ%% 2\75\75 +X(4x%—3xé)+Y(_4%_3é)_10:0
1 1 L -7 _
2 X3 Y2+X(\/EJ+Y(\/§)1O = 0

14Y

2 —
X2 Y2+ \/E \/——20 = 0
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Y2+\/§X—7\/§ 20 = 0 Ans.
(iii) 5x —6xy +5y° -8 =0
Solution:
5x*—6xy +5y°~-8 = 0 (1)
We know that for rotation of axes
X = XcosO-Ysind |, vy = Xsin®+Ycos6 Putin(l)

5(X cos 6 — Y sin 0)2—6 (X cos 0 — Y sin 0) (X sin @ + Y cos 0) + 5 (X sin 0 +
Y cos0)’-8 = 0

5(X? cos?0 + Y2sin?0 — 2XY sin 6 cos 8) — 6(X? cos 0 sin 6 + XY c0s’0 —XY
sin?0 — Y2 sin 0 cos 0) + 5(X? sin’0 + Y?c0s?0 + 2XY sin® cosf) —8= 0

5X? cos?0 + 5Y%sin?0 — 10XY sin 6 cos 6 — 6X* cos 0 sin 6 — 6XY cos’0 + 6XY
sin?0 + 6Y? sin 0 cos O + 5X2sin?0 + 5Y2c0s’0 + 10XY sind cosd —8 = 0

X?(5c0s°0 — 6 cos 0 sin 6 + 5sin?9) + XY (- 10 cos O sin 6 — 6c0s?0 + 6sin?0

+105sin 6 cos 0) + Y?(5sin’0 + 6sinB cos @ +5c0s0)—8= 0 ... (2)
To remove XY terms put 2
—6c0s’0+65sin’0 = 0
cos’® = sin’e  => tan’e = 1

tan® = 1 (0 is taken is 1% Quadrant)

0 = 45° Put in (2)

X? (5(cos45°)® — 6c0s45° sind5° + 5(sin 45%)%) + 0 + Y? (5(sin 45°)? + 6 sin 45°
c0s45° + 5 (cos 45%)%) —8 = 0

XZ(“WZ T (ﬂz)”(“(ﬂz Fi ()

5 5
x2( —+ —) Y2( +—+— -8 =0
2X2+8Y2—8: 0

= X2+4Y? -4 =0 Ans

EXERCISE 6.9

Q.1: By rotation of axes, eliminates the xy-term in each of the following
equations. Identify the conic & find its elements.

(i) A —4xy+y* -6 =0
Solution:
AP —Axy+y? -6 =0 (1)
Here a = 4 b =1 2h = -4






