AllResult.pk Exercise 10.2

Question # 1

Prove that
(i) sin(180° + 8) = —sin & (i)  cos(180° +8)=—cosd
(iii) tan( 2707 — 9) =cotd (iv) cos(@—180")=—cos@
(v) cos(270° +6)=sind (vi) sin(8+270°)=—cos8f
(vii) tan(180°+6)=tan® (viii) cos(360°—6) = cosé
Solution

(i) L.H.S= sin(180+6&)=sin180 cos@+ cos180 sinf
=sin(0)cos€+(—l)sin6 =0-sind =-sind =R.H.S

(i1) Do youself
(i) LHS= tan(270" — @)= 0270 —@nb
1+tan 270" tan @
tan270°{1 .. 1 J (1—@J
_ tan270° ) _ oo
tan 270° : +tan@ = +tané
tan 270° co
f
= {-0) = : =cot@ =R.H.S
(0+tan@) tand
Remaining do yourself.
Question # 2
Find the values of the following:
(i) sinl5° (ii)  cosls’ (iii) tanl5°
Solution
(i)  Since 15=45-30

So sinl5’ =sin(45—-30) =sin45 cos30° — cos 45° sin 30°

(#EHE) E -

(i)  Since 15=45-30
So cosl5" =cos(45—30) =cos45 cos30° +sin 45° sin 30°
B g @ V3 +1
2 22 22
(iii)  Since 15=45-30

tan45° — tan 30°
1+ tan45° tan 30°

So tanl5" =tan(45-30)=
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For (iv), (v) and (vi), we have hint:
Hint: Use 105 = 60 + 45 in these questions

Question # 3
Prove that:

1 1
(1) sin(45" + ) = T(sin a+cos) (i) cos(45 + ) =——=(cos & — sin &)
2 V2

Solution
(i) L.H.S =sin(45+a)

- o S | I .
=sin45" cosa + cos45 sma=(—cosa+—sma)

2 V2
1 1
=——=(cosa+sina) =—=(sinax+cose) =R.H.S
\/5( ) ﬁ( )

(i1) Do yourself as above
Question # 4

Prove that:

(1) tan(45+ A) tan(45—-A)=1 (ii) tan (% = 9} +tan (%r + 6} =0

: g
T i sin@—cosé tana 9
(iii) sin(9+—]+cos(9+—}—cosﬁ (iv) i tan —

6 3 cos @+siné tanE 2

oy Iotanftang cos(8+¢)
l+tanftan@ cos(@— @)

Solution
(1) L.H.S=tan(45+ A) tan(45— A)

| tan45 +tan A tan45° —tan A
l1-tan45'tan A ) | 1+tan45" tan A

[ 1+tanA I-tan A [1+tanA}[l—tanAj —1=RHS
I-(OHtan A / \ 1+ (I)tan A I-tanA /\ 1+tan A o

(i) LHS= tan(z—ﬁj +tan[3—]r+6']
4 4

tanE—tanH tan3—ﬁ+tan8
- T K 3
1+tanz tan @ l—tanTtanB
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=[ 1—tan® )J{ ~1+tan@ j
1+ (1) tan& 1-(-1) tan@
z[l—tm9}+£—l+tan6’]

1+ tané 1+ tan@
_1-tan@—1+tand 0

= =0 =R.HS
1+ tan@ 1+ tan@

(i) LHS = sin{9+%]+cos[0+§]

= [sineﬁicos£ +cosf sin£)+ {cosﬁcosz—sinﬁ sinEJ
6 6 3 2

= sinﬁﬁ-i-cosﬁl + cosHl—sinﬁﬁ
2 2 2 2

e 1 1 3

=—sinf + —cos@+—cosd ———sind =cosd = RH.S.
2 2 2 2

sin@—cosé tang

(ivy LHS= 9
cosf+sind tana
sing sin @cos 2 cos BSing
sin@ —cos @ 9 2 2
cos— cos—
sin - cos Hcosg +sin QSing
cos@ +sind 2 2
cos— cos—
2
; (e
sim?(:osg —cosBsing Slﬂ(g_zj sm(%) 0
= g 5 = 2y = 7 =tan— = R.H.S
cosfcos— +sinfsin—  cos| 8 —— COS(A) 2
2 2 2
& LEHE= 1—tan&tan @
1+ tan&tan @
- sinf sin@  cos@cos@—sinfsing
cosd cos@ cosdcos @
_1+sin9 sing  cos@cos@+sinfsing
cosé cos@ cos@cos @

_ cos@cosp—sin@sing  cos(0+¢)

el =R.HS
cos@cos@+sinfsing  cos(6—g@)
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Question # 5
Show that: cos(& + ) cos(&— f3) =cos’ @ —sin” f=cos’ f—sin’ &
Solution

L.H.S = cos(a + f) cos(a— f3)
=(cosacos f—sin asin ) (cosacos f+sinasin f3)
=((cosacos BY —(sina’sinﬁ)z) =cos’ @ cos’ f—sin’asin’ f
=cos’a (l—sinzﬁ)—(l—cosza) sin® 3
=cos’ @ —cos’ @ sin” f—sin® B+cos’ @ sin” B
ST 0 1 g (i)
=(1-sin’@) - (1-cos’ )
=1-sin’ @—1+cos’

I | s (ii)

Question # 6 Do yourself as above
Hint: Just open the formulas

Question # 7
Show that
() cot(r+ f="2EB=L ) - = SRE oL
cota +cot B cot f—cota
tana+tan f sin(a+ f)

tan—tan 8 sin(a— f)

(iii)
Solution

- - — 1 = 1
O LSSt D= h  maran g

l-tanatan B

tanatan | ————1
_l-tanatan f ﬁ[tanatanﬁ J

tan o+ tan tanaftanﬁ[ 1 " 1 J
tan § tana
_cotaecotf—1 _ cotxcotf—1 C RIS
cot S +cota cota+cot
(i1)
Do yourself as above
(iii)
sina " sinf  sinacos f+ cosasin
LIS = tana+tan f _ cosa cosfi_ cosacos ff
tang—tan B Sin@ _sin /) sinacos ff —cosasin

cos cosf cosacos B
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_ sinacos f+cosasin sin(a+ )

sinacos f—cosasin B sin(a— f) I
Question # 8
If sin(x:% and cosa:% where 0 < af<% and 0< ﬁ<%.
133
Show that sin(e — )= 505
Solution Since sine :% . O<a< %

cosafzﬂ : 0<ﬁ<£
41 2

Now
2 .« 2
cos @=1—-sin" &
= cosa=1y1—sin’ &
Since terminal ray of « is in the first quadrdnt so value of cos is +ive

coOsax = —Sll'l a’

' 3
= cosx=,[1— = cosazg

sin? f=1—-cos’ B = sin f=HJ1—cos’ B

Since terminal ray of # is in the first quadrant so value of sin is +ive

sin 3 =+f1—cos’

40 J 1600 81 ) 9
= sin i = ——=,— = |sinf=—
41 1681 Y1681 41

sin(— ) =sinacos f—cosasin 8
=[ )(mj B a i
5/\41 5)\41 205 205 205

ie. Sin(a—ﬁ)ZZ—OS Proved

Also

Now

Question # 9

Ifsin(Z:% and sinﬁz% where %<a<7z and §<ﬁ<ﬁ'. Find

(i) sin(+ f) (i)  cos(a+ f) (iii) tan(a+ fB)

(iv) sin(@—p) (v) cos(@—p) (vi) tan(a— )
In which quadrant do the terminal sides of the angles of measures (@ + f) and (a— f)
lie?
Solution
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. . 4 T
Since sinag=— —<a<r
%) 2
; 12 T
sinff=—; —<f<z
13 2
Since cos’@=1-sin@ = cosa=tl-sin’a

As terminal ray of & lies in the IInd quadrant so value of cos is —ive

cosx=— l—qln a

6 __[9 — 3
— cosx=—]1— 1l-— =—]— = |cosax=—
25 25 5

cos” f=1-sin” S
= cos f=14fl—sin’ S

As terminal ray of £ lies in the IInd quadrant so value of cos is —ive

cos 3 = —f1—sin’

12 144 25 5
= COos i =—,[— = |cosff=——
p= V 13 \/ 169 169 p 13

(i)  sin(@+ B)=sinacos f+ cosasin f
-3
5 13 5 )13 65 65 65

(i)  cos(@+ B)=cosacos B —sinasin
3 5 4312 15 48 33
(el E s

sin@+ #) _ ~%s _ 56
cos(a+ f3) —3%5 33

Now

(ii1) tan(a+ fB) =

(iv), (v) & (vi) Do yourself as above

Since sin(a+ f) is—ive so terminal are of e+ £ is in IlIrd or IVth quadrant
and cos(a+ f) is —ive so terminal are of @+ f is in IInd or IIrd quadrant
therefore terminal ray of &+ £ lies in the I1Ird quadrant.

Similarly after solving (iv), (v) & (vi) find quadrant for &— f yourself.

Question # 10
Find sin(@+ f) and cos(a+ f), given that
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(i) tana’=%, sin § =% and neither the terminal side of the angle of measure @ nor
that of f is in the I quadrant.
(i1) tanax = —E, sin f = —215 and neither the terminal side of the angle of measure &

nor that of £ is in the IV quadrant.

Solution
(i) Since tana@= %
As tane is +ive and terminal arm of @ in not in the Ist quad. Therefor it lies in ITIrd
quad.
Now

2 2
seca=1l+tan" &

= seca@ =11+ tan’ @

Since terminal arm of a is in the IIrd quad., therefor value of sec is —ive

seca =— 1+tan a
, fZS 5
= secaxy=— 1+ = secx=——
16 4
Now cosa = cosaf———
sec —y 3
sing

Now =tana = sin@=tana& cosa

cosa

st
= Sma=|— | —— = [smng=——
4 5 5

Since cos = .

13
As cos f# is +ive and terminal arm of £ is not in the Ist quad., therefore it lies in IVth
quad.
Now sin* #=1-cos* B8

= sin f=%f1-cos’ B

Since terminal ray of £ is in the fourth quadrant so value of sin is —ive

sin ff = —f1— cos?

144 _ B
= —J1- - = |sin f=——
Bl e \' 13 \/ \/169 =

Now sin(a+ f)=sina cos +cosa sin §
e
5)\13 5 13 1365
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And cos(@+ ff) =cosacos ff —sinasin

43 5 3 12 4 36 56
=l—=|=|-l-=||—=|=——-= = |cos(a+ )=
513 5 13 13 65 65
(i1)
Do yourself as above
Question # 11
Prove that:M an37°
cos8" +sin &’
Solution
R.H.S = tan37" =tan(45—8) v 37=45-8
_ tan45" —tan8 _ 1-tan8’
1+ tan45° tan §° 1+(1)tan8’
sin 8" cos8 —sin&’
]._ L QF 2 °
__ cos8 __ cos¥ _ cos8” —sin8 CLES
i sin8° cos8" +sin&’ cos8’ +sing’
cos&’ cos&

Question # 12
If o, B,y are the angles of a tringle ABC, show that

g. 8.  .F - 4

a
cot—+cot—+ cot= = cot—cot—cot=
2 2 2 2

Solution
Since @, B and ¥ are angles of triangle therefore
a+pB+y=180 = a+p=180-y

= a+ﬂ:180_—y 2g+‘8=90—y

2 ‘. 2 2 2
Now tan[g+£}=tan(90—zj
2 2 2
B

o

tan— + tan — y

- 2—%_@—
1—tan— tdn

tdl’lg[dﬂﬁ[L I

,_,_
g
L
g

g

=
&
=
MISQ —
,_,_
ta|“t:b

._.
\__/
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B, & & B ¥ &

= cot=+cot—=cot—cot—cot< — cot=
2 2 2 2 2

2
B o ¥ B 7

o
= cot—+cot—+ cot—=cot—cot—cot—
2 2 2 2 2 2

Question # 13
If a+ B+ y=180", show that
cotacot + cot fcoty+cot ycota =1

Solution
Since @, B and y are angles of triangle therefore

a+pB+y=180 = a+p=180-y
Now tan(e+ f)=tan(180—7y)
tan @ + tan 3
1-tan atan 8
tan & + tan 3

= tan(2(90) — 7)

T —_tan
1 —tan 'tan 4

=
= tana+tan f=—tan ¥(1—tan @tan f)
= tana+tan f=—tany+tantan Stany
= tan@+tan £+ tan y =tan @tan Stan y
Dividing through out by tanertan Stany
tan & N tan S N tany _ tanartan ftany
tangtan ftany tanatan ftany  tanatan ftany  tanatan Stany
= cot fcoty +cotacoty +cotacot f =1
= cotacot f+cot fcoty + cot ycota =1
Question # 14
Express the following in the form rsin(@ + ¢) or rsin(8 —¢@), where terminal sides of
the angles of measure € and ¢ are in the first quadrant:
(i) 12sin@+5cos@  (ii)) 3sin@—4cos@  (iii) sin@—cosé
(iv) S5sin@—4cos@  (v) sin@+cosd

Solution
(i) 12sin 8 + 5cos@
Let 12=rcosep and S5=rsing
Squaring and adding 5  rsing
(12)* +(5)* =r’cos’ @+ r’sin’ @ 12 reose
= 144+25=17(cos’ @ +sin’ ) i:tanqo
= 169="r2(1) 12 .
= r=+169=13 = p=tan =
Now
12sin@ +5c0s@ = rcos@sing + rsin@cos@

=r(cos@sin@ +sin pcosH)
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(i)

(i)

Now

(iv)

Now

=rsin(0+¢)

3sin@ —4cosé
Let 3=rcos¢ and —-4=rsing

where r=13 and @=tan™ —
12

Squaring and adding -4  rsing
(B) +(4)" =r’cos’ p+r’sin’ 3 rcosg
= 9+16=r‘(cos;‘¢+sin“qo) —iztango
= 25=r*(1) 3 ,
= r=+25=5 :»goztan'[—E}
3sin@ —4cos@ =rcos@sinf + rsing@cos 6
=r(cos @sin @ +sin pcos &)
=rsin(@+¢@) where r=5 and ¢=tan"(—%}
sin@ —cos 8
Let I=rcose and —l=rsing
Squaring and adding -1 rsing
()*+(-1)* =rcos’ @+ r’sin’ @ 1 rcose
= 1+1=7"(cos’ +sin’ p) —l=tang

= 2=r(1)

= r=d2

sin@ —cos@ = rcos@sin@ + rsing@cos 8
=r(cos@sin @ +sin pcos B)

= @=tan"'(—1)

=rsin(@+¢@) where r=+2 and @=tan"'(-1)

5sinf —4cosf
Let 5=rcosegy and —4=rsing
Squaring and adding
(5’ +(4)’=r'cos’p+risin’g
= 25+16=r"(cos’ @ +sin’ p)
= 41=r%(1)

= p=slBl

5sinf —4cos@ = rcos @sind + rsin gcosd
= r(cos @sind +sin@cosf)

-4  rsing
5 rcos @
4
——=tang
= gp=tan'{—i)
8
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=rsin(@+¢) where r=+/41 and q):tan'[—%]
(v) siné +cos@
Let l=rcosg and l=rsing
Squaring and adding 1 _rs
()*+(1)* =r’cos’ @+ r’sin’ @ 1 ¥
= 1+1=1"(cos’ @ +sin’ p) 1=tan,
= 2=r(1) = @=tan"' (1)
= r=y2
Now sin@ + cos& = rcos ¢sin & + rsin pcos
=r(cos @sin @ +sin pcos &)
=rsin(6+ @) where r=+/2 and @=tan"'(1)
(vi) Do yourself as above
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