Exercise 2.8

Question # 1
Operation @ performed on the two-member set G ={0,1} is shown in the adjoining

table. Answers the questions:

(1) Name the identity element if it exists? @| 0|1
(i)  What is the inverse of 1?7 ol1]1
(iii)Is the set G, under the given operation a group? 11 To
Abelian and non-abelian?

Solutions

i)  From the given table we have
0+0=0 and 0+1=1

This show that 0 is the identity element.
ii) Since 1+1=0/(identity element) so the inverse
of lis 1.
i)  Itis clear from table that element of the given set
satisfy closure law, associative law, identity law and inverse law
thus given set is group under @.
Also it satisfies commutative law so it is an abelian group.

Question # 2
The operation @ as performed on the set {0,1,2,3} is shown in the adjoining table,

shown that the set is an Abelian group?

Solution

Suppose G = {0,1,2,3] @lol 11213
1) The given table show that each element of the
table is a member of G thus closure law holds. 0j0,1/2]3
ii) @ is associative in G . 111]2(3]0
iii)  Table show that 0 is identity element w.r.t. @. 212131011
iV) Sil’lCCO+0:0,1+3:O,2+2:0,3+1=0 3 3 0 1 2

=5 g =0, I'=3,2"=2, 3" =1
v) As the table is symmetric w.r.t. to the principal diagonal. Hence commutative law
holds.

Question # 3

For each of the following sets, determine whether or not the set forms a group with
respect to the indicated operation. From above table solve these (i-v) options.
Solution

(1) As 0e @@ , multiplicative inverse of 0 in not in set (). Therefore the set of

T

rational number is not a group w.r.t to “:”.

(ii)  a- Closure property holds in Q under + because sum of two rational number is
also rational.

b- Associative property holds in () under addition.

c- 0e Q is an identity element.
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d- If ae () then additive inverse —a€ () such that a+(—a)=(—a)+a=0.
Therefore the set of rational number is group under addition.

(iii) a- Since for a,be 7, abe (" thus closure law holds.
b- For a,b,ce Q, a(bc)=(ab)c thus associative law holds.
c- Since 1€ Q" such that for ae Q", axl=1Xa=a. Hence 1 is the identity element.
d- For ae Q" , le Q" such that axl=l><a=1. Thus inverse of a is l
a a a a
Hence Q" is group under addition.

(iv)  Since Z={0,£1,£2,+3,......... }
a- Since sum of integers is an integer therefore for a,be Z, a+be 7.
b- Since a+(b+c)=(a+b)+c thus associative law holds in Z.

c- Since Oe Z such that for ae Z, a+0=0+a=7. Thus 0 an identity element.
d- For ae 7., —ae Z such that a+ (—a)=(—a)+a =0. Thus inverse of g is —a.

(v)  Since Z={0,£1,£2,+3 ... }

e s B PO | :
For any ae 7 the multiplicative inverse of ais —& Z . Hence Z is not a group under
a

multiplication.
Question # 4
Show that the adjoining table represents the sums of the elements of the set { £,0}.
What is the identity element of this set ? Show that this set is abelian group..
Solution

As E+E=E E+0=0, O+0=E
Thus the table represents the sums of the elements of set {E,O}.

@ | E

The identity element of the set is E because E | B
E+E=E+E=E & E+0=0+E=E . O|0|E
i) From the table each element belong to the set {E,O}.
Hence closure law is satistied.
ii) @ is associative in {E, O}
1i1)  Eis the identity element of w.r.t to @
iv) As O+0O=E and E+ E=E,thusinverse of Qis O and inverse of Eis E.
V) As the table is symmetric about the principle diagonal therefore @ is
commutative.
Hence {E,0} is abelian group under @ .
Question # 5
Show that the set {l,a), wz} , when @’ =1 is an abelian group w.r.t. ordinary

(Sl lw)

multiplication. @1 ||
Solution 1 1 | o | &*
Suppose G = {1, @, a)z} ol o ||l
@’ ﬁﬂfm _miath cifd.drg
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i) A table show that all the entries belong to G.
ii) Associative law holds in G w.r.t. multiplication.

eg. Ix(oxw)=1x1=1

(Ixo)x @' =oxw’ =1

iii) Since Ilxl=1, Ixw=wxl=, Ix&' =’xl=’
Thus 1 is an identity element in G.
iv) Since Ixl=Ix1=1, ox@’ =@’ xw=1, @’ xX@=0x0" =1
therefore inverse of 1 is 1, inverse of @ is @’ , inverse of @ is @.
V) As table is symmetric about principle diagonal therefore commutative law holds
in G.

Hence G is an abelian group under multiplication.

Question # 6
If G is a group under the operation # and a,be G, find the solutions of the
equations: a*x=»b, xta=ph
Solution
Given that G is a group under the operation * and a.be G such that

arx=b
As ae G and G is group so a € G such that
a'#(axx)=a'*b

i (a"l #* a) kx=a ' *b as associative law hold in G.
= e*x=a ' *b by inverse law.
= x=a'*b by identity law.
And for
xta=b
= (x*a)*a' =b*a” For ae G, a '€G
= x* ( axa” ) =b*qg" as associative law hold in G.
= x*e=b*q by inverse law.
= x=b*qa’ by identity law.
Question # 7

Show that the set consisting of elements of the form a ++3b (a,b being rational), is an
abelian group w.r.t. addition.
Solution

Consider G={a+\/§b|a,be Q}
i) Let a+\/§b,c+\/§deG, where a, b, ¢ & d are rational.
(a+\/§b)+(c+\/’3—'d):(a+c)+\/§(b+d):a'+«/3_'b'eG

where @' =a+c¢ and b'=bh+d are rational as sum of rational is rational.
Thus closure law holds in G under addition.

ii)  For a+43b,c+3d.e+f3feG
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(a+3b)+((c+3d)+ (e +431)) =(a+V3b)+((c+ ) +B(d + )

=(a+(c+e))+J§(b+(d+f))
=((a+c)+e)+\/§((b+d)+f)

As associative law hold in (Q

=((a+c)+¥B3b+d) )+ (e +31)
:((a+\/§b)+(c+\/§d) )+(e+\/§f)

Thus associative law hold in G under addition.
i) 0 +\/§ -0e G as 0 is a rational such that for any a-l-\/gbe G
(@a+30)+ (0+3-0)=(a+0)+3(b+0)=a++3b
And (0+\/§- 0)+(a+\/§b)=(0+a)+\/§(0+b)=a+1/§b

Thus 0+ \/3 -0 is an identity element in G.
iv) For a+ \Eb € G where a & b are rational there exit rational — a & —b such that

(a+3b) +((~) +V3(=b)) = (a+ (@) +/3 (b+(~5))=0+3-0
& ((a)+¥3(=h))+(@+\3b) = ((~a) + a) +B((=h) +b) =0++3-0

Thus inverse of a +\/§b is (—a)+ \E (—bh) exists in G.
V) For a+\/§b,c+\/§deG

(a+3b)+(c+3d )= (a+ ) +\Bb+a)
=(c+a) +\/§(d +b) As commutative law hold in (.
=(c+d3)+(a+3b)

Thus Commutative law holds in G under addition.
And hence G is an abelian group under addition.

Question 8
Determine whether ( P(S ),*) , where # stands for intersection is a semi group, a
monoid or neither. If it is a monoid, specify its identity.

Solution
Let A,Be P(S) where A & B are subsets of S.

As intersection of two subsets of S is subset of S.
Therefore A*B=AnNBe P(S). Thus closure law holds in P(S).

For A,B.Ce P(S)
Ax(BxC)=ANn(BNC)=(ANBNC=(A*B)*C
Thus associative law holds and P(S).
And hence (P(S),*) is a semi-group.
For Ae P(S) where A is a subset of § we have Se P(S) such that
ANS=SNnA=A.
Thus § is an identity element in P(S). And hence (P(S),*) is a monoid.
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Question 9
Complete the following table to obtain a semi-group under =
Solution

Let x, and x, be the required elements.

s c
By associative law b
a
(a*a)*a=a*(a*a)
= c*a=ax*c blalb|c
= x=b cl| XX |a

Now again by associative law
(a*a)y*b=a*(a*b)

= c#*b=a*a = x,=c

Question 10
Prove that all 2x2 non-singular matrices over the real field form a non-abelian group
under multiplication.
Solution Let G be the all non-singular 2X2 matrices over the real field.
1) Let A,BeG then A,,xB,,=C,, € G
Thus closure law holds in G under multiplication.
1)  Associative law in matrices of same order under multiplication holds.

therefore for A,B,Ce G

AxX(BxC)=(AxB)xC

iy L. Z[O J is a non-singular matrix such that

A’le X IEXZ = 1'_7><2 X A?.)-G = A?_XZ
Thus 1, is an identity element in G.
iv)  Since inverse of non-singular square matrix exists,
therefore for Ae G there exist A" € G suchthat AA'=A"'A=1.
V) As we know for any two matrices A,Be G, AB# BA in general.
Therefore commutative law does not holds in G under multiplication.

Hence the set of all 2x2 non-singular matrices over a real field is a non-abelian group
under multiplication.
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