Chapter 8 Exercise 8.1

Principle of Mathematical Induction
A given statement S(n) is true for each positive integer n if two below conditions hold

Condition I 5(1) is true i.e. §(n) is true forn =1 and
Condition II: S(k +1) is true whenever S(k) is true for any positive integer £,

Then S(n) is true for all positive integers.

Use mathematical induction to prove the following formulae for every positive integer
n
Question # 1
145+9+...+(4n—3)=n(2n-1)
Solution  Suppose S(n): 1+5+9+............ +@n-3)=n2n-1
Putn=1
St I=120)-1) = 1=1
Thus condition [ is satisfied
Now suppose that S(n) is true for n=k

By 19990 =R =T) s ()
The statement for n =4k + 1 becomes
Stk+1D: 145+9+.............. +@Ak+D)-3)=(k+D2L+D-1)
N T oL R — +@k+D)=(k+D2k+2-1)
=(k+1)(2k+1)
=2k +2k+k+1
=2k +3k+1
Adding 4k +1 on both sides of equation (i)
LA Dk nnesmnees +(4k-3)+@k+D)=kQk—-1D)+4k+1
o N . +(4k+D)=2k>—k+4k+1
=2k +3k+1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.
Question # 2
143+5+..+(2n-1)=n’
Solution Suppose
Sm): 14345+ +(2n-1)=n?
Putn=1
Sm:1=(1)" = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=k

Skl 143484 s $l D=k o (i)
The statement for n =k +1 becomes
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Sk+1: 14345+, + 2+ D -1 =(k+1)*
= 1+34+ 5+ +k+D)=(k+1)?
Adding 2k +1 on both sides of equation (i)
14+34+5+ . +k-D+QRk+D)=k*+2k+1
= 14345+ i +2k+D)=(k+D)?

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer #.

Question # 3
l+4+7+...+(3n—2)=@
Solution  Suppose
n(3n-1)
S(n): 1+4+T7+..ne +(B3n-2)= 5
Putn=1
1(3(1) -1
S(l):l=M 1=z = 1=1
2 2
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
Sky: 1+44+T 4. +(3k—2)=@ ............. (i)

The statement for n =k +1 becomes
(k+DBk+D-1)

Stk+1): 1+4+T +.uueerneen. +(3k+1)-2)= =~
5 TEARIE oo +(3k+1)=(k+1)(32k+3_1)
_(k+D(3k+2)
2
Adding 3k +1 on both sides of equation (i)
k(3k—1)
[t 2 g +(3k—2)+(3k+1):T+3k+1
s I s +(3k+1):k(3k_1);’2(3k+1)
3K —k+6k+2
B 2
3k’ +5k+2
B 2
C3kP+3k+2k+2
2
_ 3k(k+1)+2(k+1)
i
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_(k+D(3k+2)
- 2
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer #.
Question # 4
1+2+4+..+2"=2" -1
Solution  Suppose
Sn): 1+2+4+............ +271=2" 1

Putn=1
SM:1=2'-1 = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=14k

S): 142444 S s R (i)
The statement for n =k +1 becomes

Sk+D: 142 +4 4., 420 =gkl
= 14244+ s +2F =2

adding 2* on both sides of equation (i)
R R ET—— 425 ok =0k 14 2¢

=y LB o 424 =224 -1 o DR 4k =019k
=2k+l_1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.
Question # 5

1+l+l+...+L=2{l—i}
2 4

2"—[ 2#
Solution Suppose
I 1 | 1
Sn): 1+—+—+.ee. e |l
2 4 2 2"
Putn=1

S): 1=2{1—il] = 1=2[l) = 1=
2 2

Thus condition I is satisfied
Now suppose that S(n) is true for n=k

1 1 1 1
S(k): 1 ==t e |l [ T R i
() 2 4 g { 2*} @)
The statement for n =k + 1 becomes
1 1 1 1
S(k+1) 1+5+Z+ .............. +W:2[1—2k+l)
= 1+l+l+ .............. %—2—%
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A 2
g%
1
=2_?
Adding —- on both sides of equation (i)
1 1 1 1
1+5+Z+ .............. +2,‘_I +2M_l =2{1—§]+2—k
I 1 1 2 1
= l+=+—=+.nnn. tom =
2 4 4 2 2
1
=2—?(2—1)
1 1
ZZ—?(I) =2—?

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 6 Do yourself as Question # 1

Question # 7

246+18+...+2%x3" =3" -1
Solution  Suppose

S(n): 2+6+18+.............. +2x3"' =3"—1
Putn=1

Sihy: 2=3"~1 = 2=2
Thus condition I is satisfied
Now suppose that S(n) is true for n=4k

S(k): 2+6+18+.uueen. E0 e T (i)
The statement for n =%k +1 becomes
Sk+1): 24+46+18+.............. +2x 3 =3
Adding 2x3" on both sides of equation (i)
DR TR . et +2x3 23 =3F —14+2x3*
= 2+6+18+ .. +2x3" =3(3") -1 o 34 2x3¢ =3(3h)
=3k+|_1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 8
1%3+2%x5+3x7 +...+r.z><(2r.z+l)=M
Solution  Suppose
Sn): IX3+2X5+3%XT +eeveee X (2n+1) =w

6
Putn=1
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S): 1><3=—1(1+1)(2(D+5) = 32_(2)6(9) = . 3=3
Thus condition I is satisfied
Now suppose that S(n) is true for n=4k
Sk): IX3+2%x5+3%X7 +ueennen +kx(2k+1)=w ....... (i)
The statement for n=% +1 becomes
Sk+1):1x3+ 2x5+3%x7 +........_.....+(k+l)><(2(k+l)+l)=(k+l)(k+l+;)(4(k+l)+5)
= IX342X5 4 3XT o +(k+1)><(2k+3)=(k+1)(k+62)(4k+9)
Adding (k+1)x(2k +3) on both sides of equation (i)
k(k +1)(4k +5)
13 4+2%5+ IXT b +k><(2k+1)+(k+l)><(2k+3)=7+(k+l)x(2k+3)
= IX34+2%X54+3%XT+.enrnn. +(k+1)><(2k+3)=(k+1){@+(2k+3))
et [k(4k+5)+6(2k+3))
—(k+1){4k +5k+12k+18j
2
_(kﬂ)(mc +17k+18]
_ ){4k +17k+18]
_(’H_D[Mc +8k+9k+18}
s [4k(k+2)+9(k+2)]
_(k+l)((k+2)é4k+9)j
_(k+1)(k+2)(4k+9)
- 6

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true
for all positive integer #.

Question # 9

n(n+1)(n+2)
l><2+2><3+3><4+...+n><(n+1)=f
Solution Do yourself as Question # 8
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Question # 10

1x2+3x4+5x6+“A{2n—Ux2n=f££iﬂkﬁtjl

3
Solution Do yourself as Question # 8
Question # 11
1 1 1 1 1
Ee + ot =1~
12 2x3 3x4 n(n+1) n+l
Solution  Suppose
S(n): ! + ! A ! = ER—— + ! =1- !
1x2 2x3 3x4 n(n+1) n+1
Putn=1
S(])L:]-L =% l: _l = l:l
1x2 1+1 2 2 2 2
Thus condition I is satisfied
Now suppose that S(n) is true for n=+k
Sk): L + . + : e e + . =1- N (i)
I1x2 2x3 3x4 k(k+1) k+1
The statement for n=k +1 becomes
Stk+1): 1+l+l+ .............. + : =1- :
2 4 (k+D)(k+1+1) k+1+1
1 1 1
= l+=+—=+.......... + =1-
(k+1)(k+2) k+2
dding N S on both sides of equation (i)
(k+1)(k+2)
1 1 1 1 1 1 1
F + Fassssimnmnons + + =1- +
Ix2 2x3 3x4 k(k+1) (k+D(k+2) k+1 (k+D(k+2)
. + L + L Gy TSRV + s =1- : (l— L
Ix2 2x3 3x4 (k+D)(k+2) k+1 (k+2)

ZI_L{k+2—1]

k+1\ k+2

ZI_L{EJ
k+1\k+2

" 1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer .

Question # 12
1 1 1 1 n

+ + + + =
13 3x5 5x7 Q2n-1)(2n+1) 2n+1
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Solution  Suppose
Sy ——+ v L + ! = T
1x3 3x5 5x7 Q2n—-1)(2n+1) 2n+1
Putn=1
1 1 I 1
S): —= — =
1) =

Ix3 2(D)+1
Thus condition I is satisfied

Now suppose that S(n) is true for n=4k

1 1 1
+ +

1 k

L1 2 i R T S 4 —— . @)
1x3 3x5 5x7 QRk-1D(2k+1) 2k+1
The statement for n=4% +1 becomes
1 1 1 k+1
S(k+1): + + F o + =
13 3x5 5%7 (2(k+D=1)(2(k+D+1)  2(k+1)+1
1 1 1 1 k+1
+ + A + =
1%8  3x5 5x7 (2k+1)(2k+3) 2k+3
1
Adding —————— on both sides of equation (1
S (2k+1)(2k+3) quation {)
1 1 1 1 1 k 1
+ + g + + = +
1%3 35 5X7T k-1D(2k+1) (2k+1)(2k+3) 2k+1 (2k+1)(2k+3)
1 1 1

+ + +
1x3 3x5 5x7

=L gy 1 ]
(2k+1)(2k+3) 2k+1 (2k+3)

1 [k(2k+3)+1]
2k +1

2k+3
1 (2K 43k +1
D 2k+1\ 2k+3 j
1 (2K 4+ 2%k +k+1
T2k+1l 2k+3 }
1 (2kk+D+1k+1)
_2k+1[ 2% +3 j
1 (Rk+D(k+1)
_2k+1( 2k +3 ]

_[ k1
2k+3

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true

for all positive integer #.

Question # 13

1 1 1 1 n
+ b + =
2xS5 5x8 8xll Bn-1)@n+2) 23n+2)
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Solution Do yourself as Question # 12
Question # 14

1_ n
FEP R o +r,,:r(l—r) (r#1)
-r
. sy . _r=r")
Solution Suppose Sy: r+r+r 4+ + 7 =
-r
Putn=1
r(l —r')
SM: r= = r=r
—-r
Thus condition [ is satisfied
Now suppose that S(n) is true for n=+%
k
SU): PP P H e +r"‘=¥ ............. ()
—-r

The statement for n =k +1 becomes
k+l _ ?"(1— rHl)

SEk+D: r+r2+r +uiivinens i o
Adding "' on both sides of equation (i)
S +Jri‘+1""“=er)+r"‘+l
1-r
= r+r+Hr . +r"+'=r(1_rk)+rk+l(1_r)
1-r
p Pt ke
B I-r
_—
 1-r
B r(l—r“l)
 1=r

Thus S(k +1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer .
Question # 15

at(a+d)+(a+2d)+ . +[a+(n—l)d]=§[2a+(n—l)d]
Solution  Suppose

Sn): a+(@a+d)+(@+2d)+...n...... +[a+(n—1)d]=g[2a+(n—l)d]

Putn=1

Sy a:%[2a+(1—1)d] =3 a:%[2a+(0)d] = a:%[ZG]:a

Thus condition I is satisfied
Now suppose that S(n) is true for n=k
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S(k): a+(a+d)+(@+2d)+............. +[a+(k—l)d]=%[2a+(k—l)d] e (D)
The statement for n =k +1 becomes
Stk+1): a+(@+d)+(@+2d)+..c....... +[a+(k+l—1)d]=k+1

2
= a+(a+d)+(a+2d)+ ... +[a+kd]=%[2a+kd]

[2a+(k+1-1)d]

Adding a+ kd on both sides of equation (i)
a+(@a+d)+(@+2d) ¥ +[a+(k—1)d]+[a+kd]=§[2a+(k—l)d]+[a+kd]
= at+(a+d)+(a+2d)+ .. +[a+kd]=%[2a+kd—d]+[a+kd]

_k[2a+kd—d]+2[a+kd]
- 2

_ 2ak+k’d—kd +2a+2kd
- 2
_2ak+k’d+kd +2a

- 7
_2ak+2a+k’d +kd

- 2
_2a(k+1)+kd(k+1)

- 2
_(k+D(2a+kd)

2
=%[2a+kd]

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(») is true
for all positive integer .
Question # 16

1-142-2+3 3+ e +n:n=|n+l1-1

Solution
Suppose S(n): 1-[1+2-[2+3[3+.cccueeee +n-|ln=ln+l1-1
Putn=1

S 1:[l=]141-1 = 1=|2-1 = 1=2-1 = 1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=%

S(kys Lo[142: 245 BHisisarn tke k=Bl 1 s (1)

The statement for n =k +1 becomes

Sth+1): T-[14+2 2433+ +(k+1) Jk+1=]k+1+1-1
= 1142|2433 Fnisivens +(k+1)-|k+1=]k+2-1

Adding (k+1)-|k+1 on both sides of equation (i)

1142243 3+cccnvnt k- [+ (k+ 1) [k +1=]k+1 -1+ (k+1)- [k +1
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= 1A+2:243 3+ +(k+D)-lk+1=|k+1+|k+1(k+1)—1
=lk+1(1+k+1)-1
—lkt1(k+2)-1
=(k+2)k+1-1
=k+2-1
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer #.

Question # 17

a,=a +n-1d When, a,,a,+d,a +24d,... froman A.P.
Solution
Suppose S(n): a,=a +(n-1d
Put n=1

SM: g=a+(10-D)d = a=a+0d=aq,
Thus condition [ is satisfied
Now suppose that S(n) is true for n=4k

8h): g, =a, +{k—Dd .conrvrreres (i)
The statement for n=k +1 becomes

Stk+1): a,,=a,+k+1-1)d

=a, +(k)d

Adding d on both sides of equation (i)

a,+d=a +(k-1)d+d az=a.+g
a,=a, +
= a,=a+k-1+1)d ; aZ+I:;1k+d

= a.,=a+k)d
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(») is true

for all positive integer #.

Question # 18
a,=ar" When, a,,a,r,alrz,... from an G.P.
Solution Suppose S(n): a,=a, !

Put n=1

S g=ar = a=ar’ =a

Thus condition I is satisfied

Now suppose that S(n) is true for n=£k
S d=at o (i)

The statement for n=k +1 becomes
Stk+1): @y, =ar

=a,r*
Multiplying » on both sides of equation (i)

o k-1 1
ak-r—alr F

ar
a,r
ak

£ P

k=1+1

= a.,=ar r

o

k+
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= 4, = alrk
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true
for all positive integer n.
Question # 19

P43 4+5 4+, +@2n-1)*= ”(4”3 =)
Solution

Suppose Sy P+3+5 4, +(2n-1)>*= n(4n3‘—1)

Putn=1

Sy 12 _lay -y o, _1@-b o, _3_,

3 3 3
Thus condition I is satisfied
Now suppose that S(n) is true for n=+k
2
S(kY: P+324+5 + i, +(2k—1)2=w.........(i)

The statement for n =k + | becomes

(kD @K+’ -1

Sth+1): P43 +5 4. +2k+D)-1)*= :
5 Peglaste +(2k+l)2:(k+1)(4(k~;2k+1)_1)
C(k+ D (4K +8k+4-1)
3
_(k+D (4K +8k +3)
3
Ak 48K +3k+4k” + 8k +3
3
Ak +12K7 +11k+3
3
Adding (2k+ 1)2 on both sides of equation (i)
12 43745 £ mrnreens +(2k—1)2+(2k+1)2=w+(2k+1)2
=% o 2% +(2k+1)2_k(4k__1);3(2k+1)~
k(4P =D 434k + 4k +1)
3
AR —k+ 127 +12k +3
3
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A+ 127 + 11k +3

3
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true
for all positive integer #.

Question # 20
3 4 5 n+2 n+3
+ + e csvevenmmmsant + =
BN s
Solution
S S@n) 3+4+5+ +n+2 n+3
uppose ) R = B o R e =
B 3)713)713 3 4
Putn=1

=7}
w0

LHS=RHS
Thus condition [ is satisfied
Now suppose that S(n) is true for n=1k

s (2o et T 7] s

The statement for n=k +1 becomes

5 2o Y (L 1199
. }@j@@ _______________ {kmk;q
(g)f@}@ _______________ J[Bia R o, (e
B R T S
s (T e

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true
for all positive integer #.

Question # 21
Prove by mathematical induction that for all positive integral values of n.
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(1) n* +n is divisible by 2 (i) 5"-2"isdivisible by 3
(iii) 5" —1 is divisible by 4 (iv) 810" -2 is divisible by 6
(v) m —n is divisible by 6
Solution
(i)  Suppose S(n): n°+n
Put n=1
Sy: P+1=2

S(1) is clearly divisible by 2, Thus condition I is satisfied
Now suppose that given statement is true for n=4k

S(ky: k*+k Q
Then there exists quotient Q such that N2+ k
K +k=2Q 4k

The statement for n=k+1
Stk+1): (k+1)" +k+1
=k*+2k+1+k+1
=k’ +k+2k+2
=20+2k+2 kP +k=20Q
=2(Q+k+1)
Clearly S(k+1) is divisible by 2.
Since the truth for n =k implies the truth for n= % +1 therefore the given statement
is true for V ne Z".
(ii)) Suppose S(n): 5" -2"
Put n=1
S): 5'-2'=3
S(1) is clearly divisible by 3, Thus condition I is satisfied
Now suppose that given statement is true for n=k
S(k): 5% -2
Then there exists quotient Q such that
5t -2¢=3Q
The statement for n=k +1
S(k+1): 5 -2
= 5.5%-2.2¢
=55-52"+5.20-2.2¢
= 5(5*-2")+2*(5-2)
530)+2" -3 iy §F—2%=30
=3(50+2
Clearly S(k+1) is divisible by 3.
Since the truth for n = k implies the truth for n=k +1 therefore the given statement
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is true for V ne Z*.
(iii) Same as Question # 21 (ii)
Hint: S(k+1): 5" =1
=551 =5.5-5+5-1
= 5(5"-1)+4 =540)-4 o 5k—1=40

(iv) Suppose S(n): 8x10" -2
Put n=1
S(1): 8x10'-2=80-2=78=6x13
S(1) is clearly divisible by 6, Thus condition I is satistied
Now suppose that given statement is true for n=4%
S(k): 8x10* -2
Then there exists quotient Q such that
8x10“-2 = 6Q
The statement for n=k+1
S(k+1): 8x10" -2

=8x10-10* -2

= 8x10-10 =2-10+2-10-2 —ing & +ing 2-10
= 10(8x10* —2)+20-2

= 10(6Q)+18 . 8x10° —2=6Q
= 6(100+3)

Clearly S(k+1) is divisible by 6.
Since the truth for n =k implies the truth for n=k +1 therefore the given statement
is true for V ne Z".
(v) Suppose S(n): n° —n
Put n=1
S): P-1=0
S(1) i.e. 0 is clearly divisible by 6, Thus condition [ is satisfied
Now suppose that given statement is true for n=k%
Sk): -k
Then there exists quotient Q such that
kK’ —k=6Q
The statement for n=k +1
Stk+1): (k+1)° —(k+1)
=k +3k7+3k+1-k -1
=k’ +3k>+3k—k
=(k* = k) +3(k* + k) - K
:6Q+3(2Q’) Or k"+k=2Q
=60+6Q

Since n’ + n is divisible by 2
Therefore n° +n=20"
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Clearly S(k+1) is divisible by 6.

Since the truth for n =k implies the truth for n =% +1 therefore the given statement
is true for V ne Z".

Question # 22
1 1 1 1( 1)
s o —_—=l-—
3 3 3t 2 3"
1 1 1 1 1
Solution Suppose S): =4+ =+ +—==|1——
pp () e 3 2[ 3HJ
Putn=1
3 2 3 3 23 3 3
Thus condition I is satisfied
Now suppose that S(n) is true for n=14k
1 1 1 1 1
Sh): =+—=+..crrrrrenrs e B ) [P i
) 3 3 3* 2[ 3"‘} )
The statement for n=k +1 becomes
1 1 | 1 1
S St = trnas +—==1——
( ) 3 3_ 3lc+l 2[ 3f(+l)
Adding — on both sides of equation (i)
l+i+ +L+L—l[1_L]+L
A 7T 7 =
1 1 1 1 1 1
— —+—7+ .............. ﬁz___k-i-_k
3 3 2 23% 33

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.

Question # 23

_ 1yt :
PPl .qu%¢=Lﬂ_éﬁﬁﬂ
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Solution Suppose
Sn): P=22+43"—4"+ .. +(=1)""n’ =L2”(”+D

Putn=1

SQ): 1P = -n* -21(1+1) Lo ent2

Thus condition [ is satisfied
Now suppose that S(n) is true for n=14k

= 1=]]

k-1
SU): P=22 43— & + (=D -k2=(_1)'—2"‘(’"+1) ............ ()

The statement for n =k +1 becomes
(=D (kD (R +14 D)

Sh+D): P=224+3 4>+ ..., Y (e = 5
p— i( .
= 12— 4Pty ... + Dyt =20 (k;rl)(k”)
Adding (=1)* - (k+1)* on both sides of equation (i)
p— i‘_l -
=243 =4 i + (=D B+ (D (k+1)° :Wﬂ—l)* (k+1)?

k-1 k 2
= P-2"+3 -4 4. +(—1)*.(k+1)2=(_1) -k(k+1);—2(—1) (k+D)

Dk [(—1)“k+ 20k + 1)}
B 2
_DF R+ D[k + 2k + 2]
2
DM (k+D(k+2)

2
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all positive integer .

Question # 24
P43+ + . +(2n-1P=n*2n*-1)
Solution Suppose S(n): P+3+5 4. +2n-1’ =n"(2n* -1)
Putn=1

SO: P=1(200°-1) = 1=12-1) =1=1
Thus condition I is satisfied
Now suppose that S(n) is true for n=k
SE)Y: P+3+5 4., $00%—T) = BB —1] cuveesmssisne (i)
The statement for n=k +1 becomes
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Sk+1D): P+3F+5+.. +@2k+D -1 = (k+ 1P Qk+D* -1
= P+FP+ 4o +(2k +1)* = (K* + 2k + 1) (2(K* + 2k +1) -1)
=(k*+2k+D) (2> +4k+2-1)
=(k*4+2k+1D)(2k* + 4k +1)

=2k + 4k + 267 + 4K + 8k + 4k + kT + 2k +1

=2k +8k +11k* + 6k +1
Adding (2k+1)* on both sides of equation (i)
SE): P+3+5 4+, +(2k-1 +Qk+1) =2 2K -1 + 2k +1)°
= P+3P+8 +(2k+1)* = k% (2k* 1)+ (2k)* +3(2k)* (1) + 3(2k) 1)* +(1)°
= P+F+5 +n. +(2k+1Y =2k* —k* + 8k +12k* + 6k +1

=2k + 8k +11k” + 6k +1
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all positive integer n.
Question # 25
x+1 is a factor of x™" —1;(x#—1)

Solution  Suppose S(n): x*" -1
Put n=1
SM): ¥V —1=x"=-1=(x-D(x+1)
x+1 is clearly factor of S(1), Thus condition I is satisfied
Now suppose that given statement is true for n=+%
Sty x* =1
Then there exists quotient @ such that
*-1=(x+1QO
The statement for n=k +1
S(k+1): x**—1

- x2k+3 -1

— 2R _ 2% 2k 4 +ing and —ing x**
=x* (=D +(x* -1)

= (=D +D+(x+D)Q vt —1=(x+1)Q

=(x+D(a*(x-D+Q)
Clearly x+1 is a factor of S(k+1).

Since the truth for n =k implies the truth for n =4k +1 therefore the given statement
is true for V ne Z".

Question # 26
x—y is a factor of x" — y";(x# y)

Solution  Suppose S(n): x" —y"
Put n=1
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SM: ¥ —y'=x-y
x—y is clearly factor of S(1), Thus condition I is satistied
Now suppose that given statement is true for n=k%

Sk): xF =y
Then there exists quotient Q such that

=y =(x-y0

The statement for n=k +1

S(k ot 1) x.f(+| _ y.’c+|

= x-x'—y y

= xx-xy+xy-yy —ing & +ing x y*

=x(x" = y)+y (x~y)

= x(x=y)Q+y‘(x~y) v =y =(x-y)0
Clearly x—y is a factor of S(k+1).
Since the truth for n =k implies the truth for n=% +1 therefore the given statement
is true for V ne Z".

Question # 27
x+ vy is a factor of Xy yz"“;(x¢ y)
Solution  Suppose S(n): x™ + y™*"

Put n=1

S : P4yl =yl pyl=xty
x+ y is clearly factor of S(1), Thus condition I is satisfied
Now suppose that given statement is true for n=4k

S(k): x2k—l i ylf(—l
Then there exists quotient Q such that

xz.’(—l + yli(—l :(JC+ y)Q

The statement for n=k +1

S(k o 1): x2(k+n—| i yz{ir+l)—l

e x2k+2—| s y2k+2—l

:x2k+2—l _x’lk—lyZ +x2k—ly2 i y2k+2—l +il'1g El.fld —iflg x?.k—lyl

. xzk—l(xl _ yl)_l_ yZ(-fo(—l E ylk—l)

.| 2 i R 2—1
=x""(x=y)(x+y)+y (x+y)Q S X7y =(x+ )0

=(x+ (2 (x-y+y Q)
Clearly x+ y is a factor of S(k+1).
Since the truth for n =k implies the truth for n=k +1 therefore the given statement
is true for V ne Z".

Principle of Extended Mathematical Induction
A given statement S(n) is true for n =1 if the following two conditions hold
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Condition I S(i) is true i.e. S(n) is true for n =i and
Condition II: S(k +1) is true whenever S(k) is true for any positive integer £,

Then S(n) is true for all positive integers

Question # 28
Use mathematical induction to show that

2 0 o +2" =2"" —1 for all non-negative integers 7.

Solution  Suppose S(n): 1+2+2% +...ceae. +27=2" 1
Putn=0 Note: Non- negative number are
S 1=2"A= = 1=0-1 = 1=I 0,1,2,3,cccc

Thus condition I is satisfied
Now suppose that S(n) is true for n=+k

Sk): 142427 + .. +28 =21 L (i)
The statement for n=k +1 becomes
Shk+1): 14+2+2% + ., RS L |
= 2f<+2 |
Adding 2" on both sides of equation (i)
142427+, +28 428 =2t 1 4 2
SRR - pafl—aiakly. 4 oo (AL DL DO

— 2k+l+l _ 1
— 2k+|+| = 1

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true
for all non-negative integers 7.

Question # 29
If A and B are square matrices and AB =BA, then show by mathematical induction

that AB” =B"A for any positive integer n.
Solution  Suppose S(n): AB"=B"A
Put n=1
S(1): AB'=B'A = AB=BA
S(1) 1s true as we have given AB = BA, Thus condition I is satisfied
Now suppose that given statement is true for n=4k
Sz AB =B A crvsnnosne (i)
The statement for n=k +1
S(k+1): AB“'=B"'A
Post-multiplying equation (i) by B.
(AB")B=(B*A)B
= A(B*B)=B"*(AB) by associative law
= AB*' =B*(BA) * AB=BA (given)
=(B'B)A=B""A
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true

for all positive integers .

el il
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Question # 30
Prove by Principle of mathematical induction that n* —1 is divisible by 8 when # is and
odd positive integer.
Solution Suppose S(n): n*-1
Put n=1
SM: (D*-1=0
S(1) is clearly divisible by 8, Thus condition I is satisfied
Now suppose that given statement is true for n =k where k is odd.
Sk): k*—1
Then there exists quotient Q such that
k*-1=8Q
As k+2 1s the next odd integer after & The statement for n=k +1
SGk+2): (k+2) -1
=k*+4k+4-1
=k*-1+4k+4
=80+4(k+1) kP +k=20
Since kis odd therefore k +1 is even so their exists integer ¢ such that k +1=2¢
= Sk+2):=80+4(2n
=80Q+8¢
Clearly S(k+2) is divisible by 8 so condition II is satisfied.
Therefor the given statement is true for odd positive integers.

Question # 31
Use the principle of mathematical induction to prove that In x" = nlnx for any integral
n=0 if x is a positive number.
Solution  Suppose S(n): Inx"=nlnx
Put n=1

SM: Inx'=()Inx = Inx=Inx
S(1) is true so condition T is satisfied.
Now suppose that given statement is true for n=k
By st =k 2o visramivnvin i)
The statement for n=% +1
Stk+1): Inx"" =(k+DInx
Now adding In x on both sides of equation (i)
Inx*+Inx=klnx+Inx
= Inx* x=(k+Dlnx v Inx+Iny=Inxy
= Inx*"'=(k+Dlnx
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all ne Z"*.
Question # 32
n!>2"—1 for integral values of n>4.,
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Solution  Suppose Sn): n!1>2"-1 ;=24

Put n=4

S4): 41>2*-1 = 24>16-1 = 24>15
S(4) is true so condition I is satisfied.
Now suppose that given statement is true for n=4%

Sthy: k!>25 =1 (i)
The statement for n=k +1

Stk+1): (k+D!>2""—1
Multiplying both sides of equation (i) by k+1

k+Dk!>k+1)(2F -1)

= (k+D!>(k+1+2-2)2* -1 v (k+1)k!=(k+D)!

= (k+D!>(k-1+2)2" -1

= (k+D>k- 2" k-2 +1+2.28-2

= etz (25— )+ 28]

= (k+1D!>2" -1 k28 =2—k>0 V k>4

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all integers n=4.

Question # 33
n” >n+3 for integral values of n>3.
Solution  Suppose S(n): n”® >n+3 ;n=3
Put n=3

S3): 3¥>343 = 9>6
S(3) is true so condition I is satisfied.
Now suppose that given statement is true for n=%k
Bk B wdltd naninsanis )
The statement for n=k +1
Sk+1): (k+1)’>k+1+3 = (k+1)’>k+4
Adding 2k +1 on both sides of equation (i)
k*+2k+1>k+3+2k+1
= (k+1)*>k+4+2k
= (k+1)’>k+4 ignoring 2k as 2k >0
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all integers n>3.

Question # 34
4" >3"+2"" for integral values of n>2.
Solution  Suppose S(ni; 4" =32 cn=2
Put n=2

S$(2): #£>3+27 = 16>9+2 = 16>11
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S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=4%

51 R o Tl T (i)
The statement for n=k +1

Sk +1): 4% >34 420

s gkt 5 gk | ok
Multiplying both sides of equation (i) by 4.
4(4H>43" +2'
4 > 4.3 4.2
4" >3+ 34 +(2+2)- 24"
4>3.3" 43 +2.2 2. 24
44 >3 4 0k (35 424
= 453 0t ignoring 3* +2" as 3*+2* >0

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) i1s true
for all integers n=3.

b u gy

Question # 35
3" < n! for integral values of n>6.
Solution Suppose S(n): 3" <n! 1 n>6
Put n=7

S(7:3 <7 = 2187<5040
S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=4%

The statement for n=k +1
Stk+1): 3" < (k+1)!
Multiplying both sides of equation (i) by k+1.
(k+1D)3* <(k+Dk!

= ((k=2)+3)3" <(k+1)!

= (k-2)3" +3"" < (k+1)!

= 3 <k +1! v (E=-2)3 >0 V k>6
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all integers n>6.

Question # 36
n!>n® for integral values of n >4,
Solution  Suppose S(n): n!>n’ 1 nz4
Put n=4

S@: 41>4° = 24>16
S(4) is true so condition I is satisfied.
Now suppose that given statement is true for n=%k

ale e
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Sl B s B (i)
The statement for n=k +1
Stk+D: (k+1! > (k+1)?
Multiplying both sides of equation (i) by k+1.
(k+Dk! > (k+DK*
= (k+D)!> (k+D(k+1) v ok+l<k® YV k24
= (k+D!> (k+1)?
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true

for all integers n=>4.

Question # 37
345+ 7+ ¥+ 20+ 9)=(n+ 2) (n+4) for integral values of n=>—1.
Solution  Suppose S(n): 3+5+T7+.coeeeenn. +(2n+5=n+2)n+4) ; n=-1
Put n=-1

SED:3=(=1+2)(-1+4) = 3=(1)(3) = 3=3
Thus condition [ is satisfied
Now suppose that S(n) is true for n=14k

Sk): 34+5+7+ e +2k+5)=(k+2)(k+4) .coon..... (i)
The statement for n=% +1 becomes
Sk+1): 3+5+T+ oo +Q2k+D+5)=(k+D+2)((k+1D)+4)
= 345+ T+ +(2k+7)=(k+3)(k+5)
Adding (2k+7) on both sides of equation (i)
SKk): 345+7 4+ +Rk+5)+Rk+T)=(k+2)(k+4)+(2k+T)
= 34547+ +QRk+ND=k*+2k+4k+8+2k+7
=k*>+8k+15
=k’ +5k+3k+15
=k(k+5)+3(k+5)
=(k+5)(k+3)

Thus S(k+1) is true if S(k) is true, so condition II is satisfied and §(n) is true

for all integers n=>—1.

Question # 38
I+ nx <(1+ x)" for integral values of n>—1.
Solution  Suppose Sn): 1+ nx<(1+x)" cn=22
Put n=2

S2): 142x<(1+2)* = 1+2x<14+2x+ 2
S(2) is true so condition I is satisfied.
Now suppose that given statement is true for n=4k
Sk : 1+kx<U+x) eiinnnnnnn (i)
The statement for n=k +1
Sk+1): 1+(k+Dx< 1+ 0"
Multiplying both sides of equation (i) by 1+ x.
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A+k)A+x) <A+ 0 1+
= l+hke+x+ ke <1+ 0"
= l+hke+x<(1+x0) o ok 2.0
= 1+ (k+Dx<(1+x)"
Thus S(k+1) is true if S(k) is true, so condition II is satisfied and S(n) is true
for all integers n=2
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