Chapter 8 Exercise 8.2

Binomial Theorem
If @ and x are two real number and »n is a positive integer then

(a+x)" :[gja” + [ lja"—lx' + [Zja"_’)f +.. -I-[ L Jax""l +(zj X

Proof
We will use mathematical induction to prove this so let S(n) be the given

statement.
Put n=1

SM:(a+x) =[(1))al +®a“ X=0a+DODx = a+x=a+x

S (D) is true so condition I 1s satisfied.
Now suppose that S(n) is true for n=k .

Sk): (a+x)* =(’6ja" +[!lcja“x'+[§] Had k., +[k;i1]ax“+[£jx" (D)

The statement for n=k +1

Stk+1): (a+x)k+l {k(‘;‘ljakﬂ_'_[k'li‘ljakﬂlxl+[kz‘ljak+lzxz+".

k+1 k+1-1 k+1 K+l
+[k+1—1j‘”‘ +(k+l]x
= (a+x)"= [ka-lja”' +[k-l|_lja‘x' +[k;1)a“x2 +...

k‘l‘l k k"‘l k+1
o4 axt+ (1)

Multiplying both sides of equation (i) by (a+ x)

(a+x)*(a+x =[(gja" +(’1€ja"_1x' +[g]a"‘zx2 +...+[k"iljax"“ +(i]xk)(a+x)
= (a+x)* = {[g]a"+[’1‘]a""x'+[@ . +[kfi1]axk_l+[i]xk](a)
+[[gja" +[!1€ja“x' +[gja“x2 + ...+(kfi Jax"' +[;§jx" )(x)
= (a+x)"+l=(g]a”'+[’f]akx'+(§]a" - +(kk1]a 3 '+[@ax"
+[g) "x+[ﬂ Pl +[§]a“x’+...+(kkljax +U§j s
= (a+x)*= [g]a"“+("1‘]+[gjja"x‘+([§j+[’fj}a*"x3+...

iS]
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(ENE)
since (§)<("5") (7)o, 2= e ()=

= (a+x)“'=[karl]a“'+[k;rl]a"x‘+(k;1j S +(k;1]ax"+[iii]x"“

Thus S(k+1) is true when S(k) is true so condition II is satisfied and S(n) is true for
all
positive integral value of n.

Question # 1
Using binomial theorem, expand the following:

(i) (a+2b) (ii) (— —3] (iii) [3(2 —i]
X
i) Wiz ¥ ]
Solution

(1)
(a+2b)° = (3)5:" -0-(?)515"(2[))' + (;).::5'3(21;)2 + (g)a5'3(25)3 +(i)a5'4(2b)4 + (g)aﬁ'ﬁ(zb)j

=M@ +(5)a' (2b)+(10)a’ (46" )+ (10)a* (8p)) + (5)a' (16b™) + (1) a"(32h7)
=a’ +10a’h+40a’h* +80a’h’ +80ab* +32b° v g’ =1

o (330 (308 30T
HOIC RN OISR OIS
-of3] -of5)(3)o3) (3] -=f3] (7)
5 53 -of3) (5] von3]
E R SRR
o[ S 5)-o{5) (2 )+(5)

20 60 96 64
FAr A

+(15)

6

xX* 3x 15
———+__
4

64 8
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(iv) (2.1

(i) (9.98)*

(i) (2.02)*

(i) (0.97)°
lution (i) (0.97)° =(1-0.03)

Question # 2
C

.03)°

— 3 3 3 2 3 1 2 3
(2)or+(2)rcoss+2arcooy ++{3)s
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= () (1) +3(1)(—0.03) + 3(1) (0.0009) + +(1) (—0.000024)
=1-0.09+ 0.0027 — 0.000027 = 0.912673

(i)  (2.02)* =(2+0.02)* Now do yourself.
(iii)  (9.98)" =(10-0.02)*
_ 4 4 4 3 4 2 2 4 1 3
= {0] a0y + (1](10) (-0.02)+ [ZJ(IO) -0.02)" + (?J(l 0) (-0.02)
4 0 4
+{4] (10)"(-0.02)

=(1)(10000) + 4(1000)(-0.02) + 6(100)(0.0004) + 4(10)(—0.000008)
+(1) (1) (0.00000016)
=10000-80+0.24-0.00032 +0.00000016 =9920.23968

(iv) (2.1’ =(2+0.1° Now do yourself.

Question # 3

Expand and simplify the following:
(i) (a+¥2x) +(a—2x) (ii) (2443) +(2-43)
(iii) (2+i) - (2—i)’ (i) [+ ? —1)3 #(x=? —1)3

Solution (1) (a +4/2x )4 + (a = \Exr

We take

(a+Ea)

(3ot} o (V) + (3 (V2] +(§ o (V2 4§ (Vo)
=(1)a* +(4)a’ (V2x) +(6)a’ (227 ) + (4)a (22 ) + (1) (1) (4x*)
= (a+\/§x)4=a4+4s/§a3x+12a3x2+8\/5ax3 Lt e (i)
Replacing v2 by —v2 in eq. (i)

(a—ﬁxr =g* +4(—\E)a3x+12a1x2 +8(—\/5)ax3 +4x*

=a' - a2 x+12a°%* - 82ax’ +4x* oo (ii)
Adding (i) & (ii)
(cz + 2x)4 +(a —ﬁxr = 2a*+24a’x* + 8x*
(i1) Do yourself.

(1) Since
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@ +i) = {8]25 +GJ25—' i+6j25‘2i2 +Gj25—353 i [i} 254t +[§]25‘5i5

=(1)2°+(5)2"i+(10)2%* +(10) 2% +(5) 2'i" +(1)2°7
=32 +80i +80i* + 40 +10i* +° ........... (i)
Replacing i by — in eq. (1)
(2+10)° =32+80(~i) +80(~i)" +40(—i)’ +10(~i)" + (=)’
=32—-80i +80i° — 40" +10i* =i ....... (i)
Subtracting (i) & (ii)
QR+’ —-2-i)° =160i +80:" + 27°
=160i +80(—1) - i +2(=1)"-i
=160i—80i+2i = 82i

R T e )

Suppose t =+ x” —1 then
(x+\/x2—l)3 +(x+'\lx2—l)3 =(x+1) +(x+1)

=) + 302 (1) +3(0) (1) + (1) )+ (0 + 30 (=) +3(x) (=) +(-1)°)
= +3xU+3x P+ +x° - 3x+3xF -1
=2x +6x1°

:2x3-|-6x(\jﬁ)~ vot=Nx -1

=2x +6,\c(x2 —l) =2x+6x"—6x =8x'—6x

Question # 4
Expand the following in ascending powers of x:

A 2+x—x)* () Ad—x+x* (i) A—x—xH)*
Solution (i) Gt x—a
Put =2+ x then
C+x-) =a-x*)°

4 4 4 3 2 4 2 AN 4 1 w3 4 0 244
—[OJ@) +(1](r> (—x )+[2](r> (—x") +(3](r) (") +[4](r) ()

=(1)(0" = (4)O) () +(6)()* (x") = (4) (1) (x*) + (1) (D (x*)
=1 AR BB TR s @)
Now

=@+t = @(2)4 ' [ﬂ(z)’m +[;‘](2)3(x>2 ' @(2)'(:0‘ +[j}(2)"(x)4

=(1)16) +(4)®)(x) +(6) (D) (x*) +(4)(2) (x) + (1) (D (x*)
=16+32x+24x* +8x + x*
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Also
£=2+2’=2"+(3)(2)*(x)+(3)(2)'(x)* + (x)’
=8+12x+6x° +x°
F=Q+x) ’=4+4x+x
Putting values of #*,#’,#* and ¢ in equation (i)
R+ x—-2) =(16+32x+24x" +82° +x*) - 4B +12x+ 61" + x°)x°
+6(4+4x+x7)x* — 42+ x)x° + x°
=16+32x+24x" +8x° + x* —32x* —48x — 24x* —4x°
+24x" +24x° +6x° —8x° +4x" + x*
=16+32-8x" —40x’ + x* +20x° —2x° —4x’ —x*

(i1) Suppose t =1-x Do yourself
(iii) Suppose t =1—x Do yourself
Question # 5
Expand the following in descending powers of x:
3
() (¥ +x-1) (i) (x—l—l]
X

Solution (1) Suppose t=x—1 De yourself

(i) {x—l—lj
X

Suppose ¢ =x—1 then

{t —l] =(0)’+3() (—l] +3([)[_l]~ +(—1J
X X X X
=r3—3t2-l+31‘-——— ............ (i)
X X X

Now
£ =(x-1) =) +3A =1+ 30 (-1 + (-1
=x —3x*+3x-1
i =(.\c—1)2 =x"=2x+1

Putting values of #°,#” and 7 in equation (i)

3
[x—l—lj =(f—3x3+3x—1)—3(,\c2—z,ac+1)-l+3(x—1)-iz—l1
X X X X
=x3—3x2+3x—1—3x+6—3l+3l—3i2—i1
X X X X

:)c'%—3f+5—io—i1
S

Question # 6
Find the term involving:
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(i) x* in the expansion of (3 - 2):)7 (ii) x~* in the expansion of
2 13
X——
[~3)
2 9
(iii) a* in the expansion of [—— aj (iv) y’ in the expansion of
%
11
()
Solution (i) Since

Here a=3, x=-2x, n=7 so
1= D)o 2o =T or e oy

. . 4
For term involving x” we must have
4
xX'=x" = r=4

So
L @(3) )

= T,=(35)3)'(-2)' (1)' =(35) 2N (16) ()’
=15120x"

r

(i1) Since T, = [n) a'x'

Here a=x, x=——, n=13s0
o
13—r 2 ’ 13—r r 2
1= Joor (2] (oo 2y @
13 13—r—2r r 13 13-3r r
=(rj(x) (-2) :[rj(x) (-2)

For term involving x> we must have
X =x? = 13-3r=-2 = -3r=-2-13
= =3r=-15 = r=5
So

T =[153 ]“‘)'“”’(—2)5
= T, =(1287)(x)"*"* (-32) =—41184x™

(iii) Since

2 n n—r _.r
T;—+I = [ ](1 X
r
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Here azz, x=—a, n=9 so
x
9 2 Sar - 9 2 9-r , ,
T —(r] [;} (-a) —@ [;] 1’ (@)
For term involving a* we must have
a'=a* > r=4
9-4
so 7.=(3)[3] v
4\ %
o a*
= I —(126)£—} Da' (126)[ ]a =4032-2-
x A
(iv) Here a=x, x=—Jy., n=11 so
Since
T, :(n]an_rxr
2
11 Hr (11 r L\
= ) (e ()
11 H-r
_( r)( ) e ( )
For term involving y° we must have
)ﬁ:y3 = L=3 = r=6
2
(11 n-6. of %
So T, —[6](x) D*(»*)
= T,=(462)(x) O(y*) =462x°y’
Question # 7
Find the coefficient of;
3 10 1 2n
(i) x° in the expansion of [xz —2—] (ii) x" in the expansion of [xz ——J
X x
Solution (i) Here a=x", x:—zi, n=10 so
X
Since

T

r+| X
10 lOf r_ 10 210-) o, 3)
(r] [ } _(r](x) Do

(IOJ el M [lfj(x)z““r(—l)“(3)f(2)“

r

8
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10 20-3r r r -r

-[ r](x) D GY @

For term involving x° we must have
= = 20-3r=5 = -3r=5-20

= =3r==15 = r=§

So T, :[150](’{)203(5) 1’3 (2)~°

2015

1

= T,=252(x)"" 10 5 :—252(;;)5(243)?%2
61236 5 15309
= X =— X

32 g
Hence coefficient of x* =— @

gt . 1
Gi) Here a=x*, x=——, n=2n so

X

Since
n H—r _Fr
T;—+l = F]a X

[an (5 (1)

|
r ¥
r

—[Ef](x)“"‘”"(—J

(3]
=
i R
—_—
=
—
g
T
]
o
—
|
—
—

_ (Zn) ()" (1)

r

For term involving x" we must have
4n-3
x" " =x" = 4n-3r=n = —-3r=n-4n

= =3r=-3n = r=n
So Ty =( % ()" (1)
_ (2]1)' (){ n - n :(Zn)!(x)"(_l)n

_(Zn—n)!-n! nl-n!
=(_1)n 2n)! ,

> X
(n!)

. (20)!
(n!)?

Hence coefficient of x" = (—1)

9

Question # 8

10
Find 6th term in the expansion of {xz _Zi]
X
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Solution Here a=2x", xz—zi, n=10 and r+1=6 = r=5 so
X

Since

(e (3]

5
= 1;:252(x3)5[—(23 )5} :252,:”‘(—%]
X X

61236 05 15309 r

32 8
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Question # 9
Find the term independent of x in the following expansions..

2 10 1 10 5 1 4
@) {x——} (i) [J}— } (iif) (1+ %) {1+—,J
% 2x" X

Solution (i) Do yourselfas Q # 9 (ii)

(i) Here a=+x, x=—5, n=10 so

Since

(O (=) () (7

[mj( )—uo n 1 x‘2’ (10]( )s—éix_zr

r

:[IP)(X 5—7—» 1 [ ) 5_21

For term independent of x we must hav
3
5-2 0 S5r 5r

Y

X =X — 5——:0 2y __=_5
2 2

‘«

= r—(—S){—%] = r=2

(10 5—@ 1

So T2+l_[2]('x) - ?
=45x0l
4

1 45
=45 )= =—
()4 I

= T,=45(x)""

N
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(i) (1+x2)’{1+i2] —(1+x2)3{x~ i 1}
X

X

2 14 2 4
)

o X

=x A+ =xt(1+4*)
Now T,= 50 [i] a”'x’

‘Where n=7, a=1, x=x

o= x*(f,)(_l)”(f)r - x"m(l) x“

For term independent of x we must have
2r-8

X =x" = 2r-8=0 = 2r=8 = r=4

1 =(2)

=5 Be=355 =352" =35

Question # 10
Determine the middle term in the following expensions:

(1Y (3 1Y j et
(i) {; —?} (ii) {Ex _3_x] (iii) [Zx —Z}

So

2 12
Solution (i) [l - x_]

n+2 12+2
2

7

Since n=12 is an even so middle terms is

Therefore r+1=7= r=7—-1=6

2

And azl, xz—% and n=12

X
Now

T’;’+l _[’:]anfx!‘
a0y i 15
= . = — Ty
w3 (3
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12
= T7=924i6x— 224
x 64 64

16

Thus the middle terms of the given expansion is zli;x(’.

n+l1 11+1

(i1)  Since n=11 is odd so the middle terms are R 6 and
n+3_11+3_7
2 9
So for first middle term
a=§x, x:—i, n=11and r+1=6 = r=>5
2 3x

Now

e A
na=(fere = na=(S) 3] (5

Now simplify vourself.
Now for second middle term
r+l=7 = r=6

13 Y
) T :(6}(5){] [—3—):] Now simplify vourself.

(iii) Since n=2m+1 is odd so there are two middle terms
n+l 2m+1+1 2m+2

First middle term = =m+1
2 2 2
Second middle terms = n+3=2m+1+3:2m+4= +2
2 2
Here a=2x, x:—Land n=2m+1

2x
For first middle term r+1l=m+1= r=m.

Since

[Py ar_r
ZH_[rja X

2m+l—m " 1 m+ "
= Inﬂ_[2n;i+l}(2x)_ | [ 1} _ (2m+1) (2x) '[_L)

2x) 2m+1—m)!-m! 2x

_ 2m+1)!

m+l m+l i 1 " 1 i
_(m'+1)!-m!(2) (= (=) {5} [;J

2 1 ' mi+l i+l m —m i
i ) (2 ()
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(2’71 + 1)' mt+l—m m+l-m m (2.??? + 1)' 1 1 W
(’Tl‘i‘l)’?ﬂ’( ) (x) ( ) (ﬁ1+1)!-fn!( ) ()C) ( )
_ 2m+1)! Zx(—l)m
(m+1)!-m!

For second middle term
r+l=m+2 = r=m+2-1 = r=m+l

As T‘;LH _(’;Jan—rxr

m+1
2m+1 (2m+1)—(mel)y 1\™
= T;n+l+| _[ m+1 j(zx) [_EJ

Now simplify yourself

Question # 11

Find (2n+1)#h term of the end in the expansion of [x —zij
X

1
2%’
Number of term from the end =2n + 1

Solution Here a=x, x=

To make it from beginning we take a=— x=x and r+l1=2n+1

E,
= r=2n

AS T‘;‘+l [-’;]an—rxr

o = (o) e = (LY
2 2n 2y BGr-2m!- 2! 2x

_ (37’1)' (_l)n 1 x?_n - (37’1)' (_1)”Lx2n—n
-t 2 a2nls 2

= C_Gal x"  Answer
2" n-(2n)!

Note: If there are p term in some expansion and gth term is from the end then the term
from the beginning will be = p—g+1.
So in above you can use term from the end = Bn+1)—(2n+1)+1 = n+1

Question # 12

_ 1.35..(2n-1)

Show that the middle term of (1 +x)2" is 2" x"

n!

=n+1 and

Solution Since 2 is even so the middle term is

a=1, x=x, n=2n, r+l=n+l = r=n

X
Now T [n]a"rx’
r

r+l T

13
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— 7:,+[ - [Znn} (1) 2n—-n xn

@@L,
(2n—n)!-n! n!-n!

 2n(2n-1D)(2n-2)(2n-3)(2n—4)-..-5-4-3-2-1
B n!-n!

nl T

i

_[2n@n-2)@2n-4)-..-4-2][2n-D(2n=-3)-..-5-3-1] ,

a n!-n! *

_2'[n (n—l)(n—Z)-...-2-1][(2n—1)(2n—3)-...-5-3-1]x"
n!-n!

_2'n! [2n-D(@2n-3)-..-5-3-1] ,

a n!l-n! *
2"[1-3-5-..-(2n-1)] ,

= X

n!

:l-3-5-...-(2n—1) .
n!

Question # 13
Show that:

(o (D)o(2)owt{ 2 )2

Solution Consider

1+ = [0]{1][2] {;]; {;]f {;]xﬂ +[ 1] . U

Put x=1

(1+1)":(g}[ﬂ(m(;](l)f+[;’](1)?+( ](1) +[ ](1) £ +[ ](1)”'{3(1)"

Now put x =—1 in equation (i)

gy oo e e G e

i =1 n = n
+[ j( D" + [n]( 1)
If we consider r is even then

= 0 (3 (0) (I
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A
= S ) m)
Bk CNENERNEY
B @+[gj+(g]+...+(;11]—z |
E%Z;f%+%['zl+i[§}+-~+nili’:ﬂ—2;11‘

e =01 #35) ) -+ ala)

KO]%[ 1)'1'J (( 2)'2J [( ’;')'3'] *ﬁ[ﬁﬂ
ZL{”%{ nll)*l'} £< o 2']+1£m+?:)!-3!}+"' ﬁl}
{( o [( 1>1] (( +21>)2}l[((n+3l>):3!!]+“'+::'1}
{( [ (1;1)2' 1'] [( (2;1)3' 2|] [( (n3;13t! 31}“"“}
{ e {( +1- 2) 2} [( +1-3)! 3] {< -4t 4J+'"+1}
{ () e gﬂ
{1+1+ IH +(”11j+...+(nj}ﬂ

|~+

+

. ot =~ ok
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(ol

(8T )

1
= _].+ 2n+l
n+l [ }
n+l
2 -l _Rrus
n+l
Remember

n+l n+l n+l
[ 0 )—1, [ | ]—n+l and (n+lj_l

If you found any error, please report us at www.mathcity.org/error
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