Chapter 8

Binomial Theorem when n is negative or fraction:
When n is negative or fraction and | x| <1 then
-1 , -D(n-2
i), 3)'(n )

Where the general term of binomial expansion is
_n(n=1)(n-2)..(n—(r-1)

r!

(I+x)'=l+nx+

+a

r
r+l X

Exercise 8.3

Question # 1

Expand the following upto 4 times, taking the values of x such that the expansion in
each case is valid.
1

D (1-x)? (i) (1+2x)™" (i) (1+x) 3 (iv) (4—3x)?

v) 8=2x)" (vi) (2-3x)" (vii) (l_x): (viii) y+21)
(1+x) (1-x)
(4+2x) ol | L
(ix) ————— (x) 1+ x—2x")2 (xi) 1-2x+3x°)2
(2-x)
Solution
et
(i) (1-x)? =1+5(—x)+T(—x)”+ 5 (—x)" +...
o], )
=1—lx+2 2 x2+2 2 2 (=) +...
2 2 3.2
1 1, 1,
A
2 8 16
(i1) Do yourself as above
(iii) Do yourself as above

o —
tal—
| —

- 5| a1 B3NP _ szl 3Ny Bx
(v)  (4—3x) _{4[1 4]} =(4) [1 4] _2[1 4]

5 1%{ 31}@’% 3@1%‘@@’%( 3x}‘+“_

4 2! 4 31 4
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| 8 128 1024
_2_3_)c_9_)c1_27')c3
T 4 64 512
(v) (8—2x) =(8) { 2x] =l[1—£]l Now do yourself
8) 8 4 YOur
(vi) Do yourself
(vn)(( ))_ =(1-0"1+x)7
L DD (—1)(—1—1)(—1—2) 3
[H( D(—x o ——— (' T (=x) +]
X[H( 200+ 22D (‘2)(‘2;}“‘2‘2)(@3+___}
[1+x+( DE2) oy, EDEDED sy, )
3.2
><{1 DD e, (—2)(—3)(—4)(x)3+__]
3-2
(1+x+x e i ) (1—2x+3x2—4x3+...)

=14 (x=20)+ (=23 43+ (F° =2 +3x° —4x°) + ..
=1— &% Tt —2% ..

(viii) Do yourself as above

(4+2x)°

—(4+22)7(2—x)" =(4)'{1+%}i (2)"[1—%}_

clogfor( (g g e
2 2 24 2 2 2 2

(ix)
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i 1+%[£)+2[;_'j[5}+;[;‘j(;2](£]+

2 IR 3! \ 2
furof2)s o0 o] cverversay o7, )
2 21 2 3 2
{2 4213
_|14242 2[£]+2 2 2[x_j+_._
4 2 L4 3.2 8

2 3
o 142, VD) CDEDE X,
2 2 4 3D 8
¥ x x
=| bbbk X
4 32 128
[x x} P Y ¥ 2 P
4 2 32 8 4 128 64 16 8

3x 11x*  23%°
+ - +
4 32 128

(x) (1+x—2x2)%:(1+(x—2x1))%

l[l_q l[l_j
2 bt BAG
3
3
2

=1+%(x—2x2)+ 2
1[_1] 1[_1]
=1+%(x—2x2)+%(x2—4x3+4x4)+—2 2
(2 +300)%(-22%) + 3(x)(=2x7) - (2x°)’) + ..
=1+l(x—2)c2)—l(x2 —4x° -|-4Jc4)+L(Jc3 —6x* +12x° —8x6)+...
2 8 16

1 2, 1, 4. 4. 1, 6,12, 8,

=l+=x—=x"—=x"——=x +=x"+—x" ——x ——Xx
8 8 8 16 16 16 16
=l+—x—x' —=x"——x’+ ld\c4 +Lx3— X +=x 1)c"’+
8 2 2 16 8 4
=1+lx——x2—2x3
2 16
(x1) Do yourself as above
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Question # 2
Use the Binomial theorem find the value of the following to three places of decimials.
1 1
()4/99 (ii) (0.98)2 (iii) (1.03)3 (iv) 65
1 1
) 17 (vi) 31 (vii) o= (Viii) ==
v‘3 998 /252
J7 il 1
(ix) ——= (x) (0.998) * (xi) (xii) (1280)*
V8 J" 436
Solution
R d - 1
1 99 = 2= 100—1 2 = — —
0 B9 =(99)° =(100-1) [ 100]
=10 1+l[—Lj+2 [ L] +...
2\ 100 100
1[_1)
_10 1_L+¥[;)+
200 2 10000
10[1 0005—— (0.0001) +. j
=10(1-0.005— O 0000125+...)
=10(0.9949875) =9.949875
=9.950
! 1
(ii) (0.98)z =(1-0.02)2 Now do yourself
1 1
(iii) (1.03)? =(1+0.03)2 Now do yourself

1

(iv) J65 = (65)% (64— 1)% =(64)° [l - a)} Now do yourself

| 1
(16—1)4=(16)4[1—%]4 Now do yourself

) #/1_7:(17)'1

(vi) ~ETl :(31)é :(32—1)é =(32)3 [1 —%}S Now do yourself
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(vii)

(ix)
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N = 3 2_)*
r=(998) 7% =(1000-2)"5 =(1000) {I’WJ

1500 2 250000

(i 3,

(1 +(0.0006667)+§(0.000004) +]

](l+ 0.0006667 + 0.00000089 +....)
}(1.00066759) =0.100066759 =0.100 Answer

=1-0.0625-0.00195+...
=(.93555 =0.936 Answer
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r 1
(x) (0.998) *=(1-0.002) 3 Now do yourself as above

| I ! il . af 243Y
= -=(486) 6 =(729-243) 6 =(729) 6| 1 ———
(xi) m (486)5 ( ) ( ) ( ) { 729]
- (36 )73 [l —%}E Now do yourself
s 1 _l47 ,1_161_7 e _ii
(xii) (1280)" =(1296 -16)" = (1296) [1 —1296J =(6*) [1 31}
Now do yourself
Question # 3
Find the coefficient of x" in the expansion of
2 2 3
) 1+ x i (ii) (1+x)2 (i} (1+x)2
(1+x) (1-x) (1-x)
(iv) (1+x); (v) (1—):+Jc2—.?c3-|-...)2
(1-x)
Solution
1+x° 2 -2
) ——=(1+x")(1+
@ (1+x) ( x)( %)
) 2N2-1), 5 (2H(2-D(2-2), 4
:(1+x“){1+(—2)(x)+( )(2! ) (xy? + 22 3!)( )(x)‘+...)

:(l+ xz)(l— 2x+ e X+ DN X+ }
2 3.2
=(l+x1)(l—2x+3xz—4x3 +)
= (14 27)(1+ (=D2x+ (=138 +(=D)’4x’ +...)
Following in this way we can write
1+x°

(1+x)

== (1427 )1+ (CD2x+ (1327 + (-1 4x + .+ (D" (n— D" +

D T+ D) (DX 4L
So taking only terms involving x" we get
D)+ Dx" + ()" (n—-1)x"
=D (n+Dx" + (=)' ) (n-1)x"
=(=D"(n+Dx"+(-1)"(n—-Dx" w(=12=1
=(n+l+n—-D(-D"x"=2n)(-D"x"
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Thus the coefficient of term involving x" is (2n)(-1)"
(i1)
Hint:

After solving you will get
(1+ x)2

7= (14 20+ 7)1+ 2x+32° +48 + .+ (n—Dx
(=)

J—=

rmx (DX +.)
Do yourself as above

(1+x)3_ 34 a2
(ii1) =) =(1+x)y(1—-x)

=(1+x)’ [1+ e+ 2270 (2_'2_1) ot $ EN2DED ]

3!
=(1+x) (1 +2x +—(_2)2(_3) 2+ £ (3_32) S FERC ]

=(1+3x+38" +2 )(1+ 220+ 35 +4x° +...)
Following in this way we can write

3
2”;2 = (14354327 + £ )14+ 204328 +42 +_+ (1= 2" +(n— x>
—X

+)x +(n+Dx" +..)
So taking only terms involving x" we have term

(n+Dx"+3(m)x"+3(n—-Dx"+(n—2)x"
=((n+D)+3(m) +3(n—1)+(n—2))x"
=(n+1+3n+3n-3+n-2)x"
=(8n-4)x"

Thus the coefficient of term involving x" is (8n—4).

(1+Jc)2
=)

=(1+ x)2(1+ (=3)(=x)+ (_3)(;3_1)

(iv) :(l+.?c)2(l—.x)73

31
=(1+x) (1 +(=3)(=x)+ (_3)2(_4) (—x) +%(_ﬂs i )

=(1+2x+ xz){l +3x+ (3)2(4) (x")+ (4)2(5) G +J

(e + EDBDE3-2) s ]

=(1+ 2x+x2)[1+ (2)2(3) x+ (3)2(4) X+ (4)2(5) X+ j
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Following in this way we can write

(L+x)° —(1+2x+x )[1+(2)(3)x+(3)(4)x3+ (GICIIEN
(1-x)’ 2 2 2

LD o W@AD 0 (14 D0+D)
2 2 2
So taking only terms involving x" we have term
(i’l =+ 1)(” F 2) Y +2 (I’l) (; + 1) X4 (]’l _;) (H) P

=((n+1)(n+2)+2(n)(n+1)+(n—1)(n))x—2"

n

5 X
= n“+n+2n+2+2n2+2n+n2—n)—

n fl

(
(4n° +4n+2)“"7 :2(2n1+2n+1)%
(

21 +2n+1)x"
Thus the coefficient of term involving x" is (2:12 +2n+ 1).

W) Since we know that
l+x) ' =1-x+x" -2 +...
Therefore
(l—x+xz—x3 +...)2=((1+.\c)’l)2 =(l+x)_2
:1+(—2)(x)+—( 27D e © 2)(_2_3'1)(_2_2) (x) +...
o2 EDED 0 DI o
2 3.2
=1-2x+3x* —4x" +...
=1+ (=1)2x+(-1)*3x° (=1’ 4x" +...
Following in this way we can write
=14+ (D)2x+ (DB D 4x° + .+ (D" (n+ Dx" +...
So the term involving x" = (—1)"(n+1Dx"
And hence coefficient of term involving x" is (—=1)"(n+1)
Question # 4
If x so small that its square and higher powers can be neglected, then show that
G I—x z=1—§x (i )v‘l+2x 3
Ji+x 2 Vi-x
i Q10 —6+398 1 17 A 2+§x
4+5x 4 384 (1-x)° 4
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(-0'0-40° 3 6l
(vi) =~

vy QER (430 z{l_S_x]

m———
1 1
(8+5x)3 g (8+3x)3 >
Y 7R S I
(vii) , =~2——x
(8—x)? 12
Solution

@)

R e

= (-x)+97
Vi+x (l-wc_I (-l

7}

=(1-x) {1 + {—%j (x)+ squares and higher power of x] .
= gl o Ex + squares and higher power of x
=1—%x =R.H.S Proved

N+ 2x L ook
i Since =(1+2x)2(1—-x) 2
(i) p (1+2x)2 (1-x)
1
Now (1+2x)2= {1

=1+x
1
Now (1-x) 2 —1+[——)(—x) + squares and higher power of x.
=1 +lx
2
ke =(1+x)[1+—xj
J1—x
1
=l+x+—x ignoring term involving x°.
=1+2x

Proved.

L O+70) —(16+3x) y L "
(111) e —((9+7x) —(16+3x) )(4+5x)

2 4 1Y 7x ;
=(3")? [1 + {5] [?) + squres and higher of x.j
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= (24)% [1 + [Z}[?—gj + square and higher power of x}

= (2)[1+3—x] = 2+2(3—XJ = 2+3—x
64 64 32

AT o AT N
—
+
—
a
S
|
=

S~ S
-+
o)
]
=
8
8
8
2
o
&
=
3
S
B~
2
%
3
o
=
=

Sz et

j 1 5
x| =———
4 16
4+5x 6 32)l4 16

[ Tx 3x}[1 5] ( 103 j[l 5]
=|34+=—-2- | ——Zx | =| l+—x || = ——x
6 32\4 16 96 4 16
1
4

So

(iv) Do yourself

b 3
=

(1+x)2(4-3x)
(8+5x)%

3

= (1+x)F(4—3x)? (8+5x) "

1, 1
Now (1+ .x)I2 =1+ [5] (x) + square and higher power of x

(8+5x)F = ()} (1 +_x]3
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_L
= (23) 7 [1 + (—%}[%x] + square and higher power of x}

=(2)'[1—ix] =l[1-ix]
24 2 24

so (rai(a-3gf {1ede)e(120) Y15

(8+5x)% 8

(vi) Do yourself as above
(vii) Same as Question #4 (iii)

Question # 5
If x is so small that its cube and higher power can be neglected, then show that

) g =l iy g B
27 8 1-x 2
Solution

(i) 1 —x—2x2 =(1—(x+2x2))'7

=1+[%](—(x+ 2x%))+ il

_1)

!

b=

(—(x + 2x2))2 + cube & higher power of x.

b2

| 113
~1 —[5)(x+ 2x2)+%(x+ 25%)
zl—lx—l(sz)—l 2 :1—1)5—)52 ok i
8 2 8

=1—lx—2 x*  Proved

(i1)
1
2 L o
—i” L) ST
% (1-x)?
Now
L 1 l(1—1)
(1+x)? =1+[5]x+ 2 él x° + cube & higher power of x.
1(_1
'~=1+lx+ 2( 2) 2 —l-i-lx——x2
2 2
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B _1)(=L-
(l-x) *=1+ {—%J(—x) +M(—x)2 +cube & higher power of x.

_1y(=3
=l+lx+( 2)( 2)):2 =l+lx+§x3
2 2 8

So

1+—x=[1+lx—lx2][l+lx+§x2}

l-x 2 8 2 8

=1+lx_lx2+%x+lx2+§x2 =l+x+%x2 Proved

Question # 6

If x is very nearly equal 1, then prove that px” —gx?=(p—gq)x"**
Solution
Since x is nearly equal to 1 so suppose x=1+h,
where h is so small that its square and higher powers be neglected
L.H.S = px" —gx*
= p(l+h)" —g(l+ h)*
= p(1+ ph+ square & higher power of x)
—q(1+ gh + square & higher power of h)
= p(L+ ph) —q(1+qh)
=p+ph—qg—q'h ..ccovvv...... (1)
Now RH.S = (p—¢g)x"*
=(p-q)A+h)"™
=(p—q)(1+ (p+q)h+square & higher power of h)
=(p-q)(1+(p+@h) =(p—g)(1+ ph+qh)
=p+p'h+ pgh—q—pgh—q’h
=p+ P h—G—GReennnirinnnnnnn (ii)
From (i) and (ii)
LHS = RHS Proved

Question # 7
If p—q is small when compared with p or g,show that
1

2n+D)p+(2n-1)g [ ptgq L
(2n—1)p+(2n+1)q_[ 2q J .
Solution Since p—gq is small when compare
Therefore let p—g=h = p=qg+h
_ Qn+Dp+@2n-Dg _ 2n+D(g+h)+(2n-1)q
_(2n—1)p+(2n+1)q _(2n—1)(q+h)+(2n+l)q

LH.S
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_2ng+qg+2nh+h+2ng—q  4ng+2nh+h
2ng—q+2nh—h+2ng+q dng +2nh—h

_ dng+2nh+h _4nq+2nh+h(1+2nh—hj_l
4nq{1+2nh—h] 4ng | 4ng
4ng

_ 4ng +2nh+h 14(=1) 2nh—h
4ng 4ng

_4nq+2nh+h{l_2nh—h] _4nq+2nh+h{4nq—2nh+k}
4ng

] +square & higher power of le

4ng 4ng 4ng

5 16n°q” +8n’hq + 4nhg —8n*hq + 4nhg

ignoring squares of /

16n°qg”
_ 16n’q” +8nhg _ 16n°q” ’ 8nhg
16nzq'2 16nzq2 1611!2q2
= 1+i ................. (i)
2ng
* ¥
MNow RIS= 2T | _ gthtq
2q 29
& 7 #
B G ﬂ+i = 1+i
2q 29 2q 2q
1Y h :
=1+|— || — |+ square & higher power of h.
n )\ 2q
=] -I-i ................. (i1)
2ng

Form (i) and (i)
L.HS = RH.S Proved

Question # 8

| =

n B 8n _n+ N
2(n+N) 9n—N  4n
Solution  Since n and N are nearly equal therefore consider N =n+h,

where h is so small that its squares and higher power be neglected.

L.H.S=( 2 T{ s T
2(n+N) An+nth)

_ n 2 [2(2n+h)]";{4n+2h)_%{4+%)_%
2(2n+h) n U n B n

Show that [ where n and N are nearly equal.
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1
-1 2hj5 2 —l( h ]E
=) 2 1+—| =2 | 1+—
“) ( 4n k. 2n

= [1 + (—%J}— + square & higher power of h}

=(2
(2) >
. LN (O S N ()
2 4n 2 8n
Now RH§= —n__ N+ N
On—N 4n
_ 8n n+(n+h)  8n n+n+h
On—(n+h) 4n On—n—nh 4n
$n_ 2n+h Sn_ 2n+h (. A 2n+h
4n 8n 4n

{l-l-( 1)[—’—]+ square & higher power of hj {2’1 + h ]
4dn  4n
[ h] {1 h] h 1 h
=l l+— |- | =+— | =l+—————
8n 2 4n 81 2 4n
1 h =
e i ii
2 8n )

From (i) and (ii)
LHS=RHS Proved

Question # 9
Identify the following series as binomjal expansion and find the sum in each case

(i)1-ll+l'3 1Y _L3-5(1Y
4) 21.4\4) 31.8l4
1Y 1.3.5
1-— +
i U U 2460
3-5-7
4-8-12
3
o022
3/ 24 246\3
Solution
2 3
o -2,
24 21-4\4 3.8 \4
Suppose the given series be identical with

+—n(n_l) x4+
2'

Fuae

1 + +
(111) 4

+x)"=1+

1(1
This implies AR =——| = | sssusasasrmsssinig 1
p 2[4} 0
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izl L A PN, I (i)
2! 21-4\ 4
’ 1 1
From (i) s e s ks — (iii)
8n

Putting value of xin (ii)

n(n—l)[ 1]2:1-3[1j3
2t \ 8n) 21-4l4

- n(n—l){ 1 J_ 3 (Lj

2 \64n®) 2-4l16

ey (n—1) :i — (n_l):i-lz&z = n-1=3n
128

128n 128
= n-3n=1 = -2n=1 = n:—%
Putting value of # in equation (iii)
x=- L = ,\c=l
T g e

So

<o) 5 (5
4 4 5 5

(i) Do yourself as above

3 .35  8-857
(iii) I+=+—+ +
4 4.8 4-8-12

Suppose the given series be identical with

(I+x)"=1+nx+ Ll P
— 3 ’
This implies nx :Z ......................... (i)
”(”2!_ D5 =% ............. (ii)
From (i) nx :% =X =% ............... (iii)

Putting value of x in (ii)

n(n—l){ijzzs-s i n(n—l)[ 9 ):E

9(”‘1)=£ - g(n_1)=£-32n = 9n—-9=15n
32n 32 32
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= 9n—-15=9 = —-6n=9 = n=—% = r.e:—E

Putting value of » in equation (iii)

s ..
4(-3) 2
3 3 ,
So (1+x)" —[1—%) u —(%J T =(2) = (\/5)3 =242 Answer
(iv) Do yourself as above

Question # 10
) ; _ 1 3 1-3-5
Use binomial theorem to show that 1+ Z +—+ +...= \/5

1=
4.8 4-8-12

1. 13 135
1+Z+—+ +

Solution

4.8 4-8-12
Suppose the given series be identical with
(1+x)"=1+nx+n(n:z'_l)xz-i-...
This implies
1 :
nx—4 ......................... (i)
n(nZ!— 2 = % ............. (ii)
From (1) nuc—l = )c—L (iii)
7 7, M
Putting value of x in (ii)
nn=1( 1 1-3 an=1( 1 3
2! 4n -8 2 l6n" ) 32
oo D L B e e e ey
32n 32 3
= n-3n=1 = -2n=1 = n:—%
Putting value of n in equation (iii)
= L = x——l
ReTI —z
4(-3)
1 !
1V2 1Y 2 1
So  (+x)"=(1-=| =|=| =(2)2 =42
2 2
Hence 1-|-l Lo, p, Aliaee +..=-2 Proved
4 4.8 4-.8:-12
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Question # 11

If y—l+—(éj +

3
Solution y :l + ﬁ{_) + g[l} +
3 213 3t \3

Adding 1 on both sides

1 13[ ) 1-3-5(1]*
I+y=l+=t—| =] +——|=| +
3 21\3 3113

Let the given series be identical with

(1+x)" =1+nx+ M('/JZ'_I)JCE+
This implies
1
FIX == avinncescives i svaive i 1
3 (1)
an—l) _E(l] ............. (if)
2! 21\ 3
From (1) nx —l =5 X —L (1i1)
7 o RGeS

Putting value of x in (ii)

= = = n—-1=—-18n
18n 6
= n—1=3n = n-3n=
-2n=1 = n=—l
2
Putting value of n in equation (iii)
x__2
l =
g
2
So (+x)"'=1-=
aen ( J )
:(3)2 =
This implies
l+y:\/§

On squaring both sides

FSc-l/ Ex83-17

{ J +..., then prove that y* +2y—-2=0.
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(l+y)2=(\/§)h

= 1+2y+y*=3 = 1+2y+y*-3=0
= ¥ +2y—-2=0 Proved.

Question # 12
1 131 135 1

If 2y=—+— —+———-—+..., then prove that 4y* +4y—1=0.

22" o1 2¢ 31 2°
1 13 1 135 1
+_._ ——
2 21 2 3 2
Adding 1 on both sides
(oo L L8 T 1586 1
> g 7 8
Let the given series be identical with
nn—1)
!

Solution 2y=

(1+x)" =14+nx+ x4+

This implies

From (i) nx:% N W e (iii)

Putting value of x in (i1)

"<”-1>[L)2_£.L
2! 4n 2 2

nn—=1 1 31
e il S ©
2 16n° ) 2 16

n—1

= =3 = n-1=3n

n

= n-3n=1 = -2n=1 = |n=—=

Putting value of n in equation (iii)

1 1
= |x=—

TSI

X=

So
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This implies
1+2y=-\/§

On squaring both sides

(1+2y)2 =(\/§)u

= l+4y+4y* =4

= 4y +4y—-1=0

= l+4y+4y’-2=0
Proved

Question # 13
Ify:z+ﬁ[2 =
5 2145 31 5
. 2 1-3(2}2 1.3.5[2]3
Solution y==4—| S| +— | +
5 2145 31 (5

2 3
] 1'3'5[2] +..., then prove that y* +2y—4=0.

Adding 1 on both sides
2 1-3[2}2 1-3-5[2]3

I+y=l4+—+—
5 2 31 A\5
Let the given series be identical with
(1+x)" :1+nx+—n(n2'_1)x2+...
This implies
2 :
K =" s seser e ietetost Gue et st 1
3 (1)
Lt ’:E[E] ............. (i)
2! 21\5
2 2
From (i MX=— =P X=— iccevrreennnnnn il
(1) 5 = (1ii)

Putting value of x in (ii)

)50
20 \sn) 2105

nn=0( 4 3( 4
e 5 =] —
2 25n° 2025

51 = n—1=3n = n-3n=1

=3

=
n

= =2n=1 = |n=——
2

Putting value of » in equation (iii)

2
Y=— — — = |x=—
5

D)
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1
4\ 2 1) 2
So (1+x)"=|1-— w0
(0 [ 5] [5]

This implies
1+y=\/§
On squaring both sides
2
(1+y) =(¥5)
= 1+2y+y’=5 = 1+2y+y*-5=0
= y"+2y—-4=0 Proved.
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